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1 Introduction

This paper considers panel data models with interactive fixed effects, where the unobserved
errors has a latent factor model structure. The assumption of interactive fixed effects has been
adopted in a lot of recent studies — see Pesaran (2006), Bai (2009), Moon and Weidner (2015),
and Lu and Su (2016) among many others. This assumption is general enough to nest the
standard panel data models with only individual fixed effects and models with additive indi-
vidual and time effects. It also allows the unobserved factors (or common shocks) to affect
the dependent variables with different intensities that are measured by the individual-specific
factor loadings. Moreover, the latent factor structure has become an important tool to char-
acterize cross-sectional dependence in panel data models — see Chudik and Pesaran (2015) for
an excellent review. Yet, most of the existing studies focus on linear models where the idiosyn-
cratic errors are subject to conditional mean restrictions, and the main object of interest is the
coefficient that represents the partial effect of the regressors on the conditional mean of the de-
pendent variable. In this paper, I consider panel data models with interactive effects where the
conditional mean restrictions are replaced by conditional quantile restrictions. In such models,
the coefficient of the regresors measures the partial quantile effect, providing a more complete

picture of how the regressors affect the distributions of the dependent variables.

In this paper I adopt the popular common correlated effects (CCE, hereafter) framework
pioneered by Pesaran (2006). In this framework, the regressors are assumed to be driven by the
same latent factors that affect the dependent variables, allowing the the space of the common
factors to be approximated by the cross-sectional averages of the observed variables. Compared
with the approach that estimates the coefficient and fixed effects jointly, the CCE approach
has two main advantages that are particular valuable for the quantile panel models: first, the
computation of the CCE estimator is easy, because given the estimated factors, the coefficient of
the regressors and the factor loadings can be simply estimated by treating the estimated factors
as known. Second, the asymptotic properties of the estimators are much easier to derive since

the estimated factors have a relatively simple expansion.

Like the CCE estimator, the proposed estimation method in this paper contains two steps.
However, both of the steps differ from the standard CCE method that is widely used the for linear
and quantile panel data models in existing studies. In the first step, to avoid the degenerated-
regressors problem of the standard CCE method (see Karabiyik et al. 2017 and Remark 1 below),
I apply the principal component analysis (PCA, hereafter) to the cross-sectional averages of the
regressors to estimate the common factors. In the second step, inspired by Galvao and Kato
(2016), the smoothed quantile regression (SQR, hereafter) instead of the standard quantile
regression is used to estimate the coefficient of the regressors and the factor loadings jointly,

treating the estimated factors from the first step as given. The main motivation of making



such modifications in both steps of the standard CCE estimator is to facilitate the asymptotic

analysis of the proposed estimator.

In the “large N, small 7”7 framework', the identification and estimation of quantile panel
data models are very challenging even when there are only individual effects (see Arellano and
Bonhomme 2016 and Graham et al. 2018 for example). When there are interactive effects in
quantile panel models, there remains the open question of whether the parameter of interest
can be point identified (see Chen 2015 for a result of set identification). Thus, in this paper,
I follow Fernandez-Val and Weidner (2016) and Chen et al. (2020) and consider the “large
N, large T” framework where the realizations of the factors and factor loadings are treated
as non-random fixed parameters, and the main contribution of this paper is that I establish
the asymptotic properties of the proposed estimator in this context. In particular, under some
regularity conditions, I show that the proposed two-step estimator for the coefficient of the
regressors is v/ NT-consistent, asymptotically normally distributed, and it has a leading bias of
order T~' + N~ More importantly, I derive the analytical expression of the leading bias term,
providing the basis of analytical bias-correction and a heuristic justification for the use of the
split-panel jackknife (SPJ, hereafter) bias correction in practice. The Bahadur representation
of my two-step estimator extends the similar representations of the estimators for linear panel
data models (see Bai 2009) and nonlinear panel data models with smooth object functions (see
Chen et al. 2020) to quantile panel models. To the best of my knowledge, this is the first result

of this kind in the literature.

Related Literature

This paper paper is related to the large and growing literature on quantile regressions for
panel models. Abrevaya and Dahl (2008), Rosen (2012), Arellano and Bonhomme (2016), Gra-
ham et al. (2018), and Cai et al. (2018) considered identification and estimation of quantile ef-
fects with fixed 7. In the large T' framework, Canay (2011) and Chen and Huo (2020) proposed
two-step estimation methods, Koenker (2004), Lamarche (2010) and Galvao and Montes-Rojas
(2010) proposed penalized quantile regressions for panel models, Galvao (2011) considered quan-
tile regressions of dynamic panels, Kato et al. (2012), Galvao and Kato (2016) and Galvao et al.
(2020) focused on the asymptotic distributions of quantile regressions and smoothed quantile
regressions, Galvao et al. (2013) studied censored quantile regressions for panel data, Yoon and
Galvao (2020) considered the robust estimation of the covariance matrix, Chen (2019) studied

the nonparametric estimation of quantile panel models.

All the studies mentioned above only considered models with individual effects. Quantile
panel models with interactive fixed effects were first studied by Harding and Lamarche (2014),
and more recently by Chen et al. (2019), Belloni et al. (2019), Feng (2019), Harding et al. (2020),

!Throughout this paper, I use N and T to denote the numbers of cross-sectional and time-series observations
respectively.



Ando and Bai (2020), Ma et al. (2020).

As in this paper, Harding and Lamarche (2014) and Harding et al. (2020) also adopted the
CCE framework. However, unlike my two-step estimator, they proposed to use the standard CCE
estimator where the cross-sectional averages of the regressors and the dependent variables are
used as the proxies of the unobserved factors, and in the second step they use standard quantile
regressions instead of SQR. to estimate the coefficient of the regressors. More importantly, their
asymptotic results are quite different in nature from the main conclusion of this paper. In
particular, Harding and Lamarche (2014) showed that the CCE estimator has no asymptotic
bias, while Harding et al. (2020) proved that the CCE estimator of the common slope parameter
is v/ NT-consistent, with a leading bias term of approximate order 7-3/4, but they didn’t give

the analytical expression of the bias?.

Chen et al. (2019) and Ando and Bai (2020) both proposed iterative procedure to estimate
the quantile factor and factor loadings jointly. Chen et al. (2019)’s model has no observed regres-
sors and they mainly focused on the asymptotic properties of the estimated factors and factor
loadings. The model of Ando and Bai (2020) contains observed regressors but they assumed the
coefficients to be heterogenous across individuals. As a consequence, their estimators of the het-
erogenous coefficients converges at the rate of v/N and are free of asymptotic biases. Moreover,
Ando and Bai (2020)’s asymptotic analysis requires all the finite moments of the idiosyncratic
errors to be bounded, while in this paper I only need the density functions of the idiosyncratic
errors to exist and to be sufficiently smooth (i.e., continuously differentiable). Ma et al. (2020)
considered a model that is similar to the quantile factor models of Chen et al. (2019) except
that they assumed the factor loadings to be smooth functions of observed (and time-invariant)

individual characteristics.

One potential problem of the methods proposed by Chen et al. (2019) and Ando and Bai
(2020) is that their computational algorithm does not necessarily converge to the global minimum
because their object function is not convex. To solve this problem, Belloni et al. (2019) and
Feng (2019) added to the object function a nuclear-norm penalty term that is widely used in the
matrix completion literature, resulting in a new object function that is convex in the parameters.
However, the convergence rates of their estimators are much slower than v/ NT in general due

to the regularization bias, and the asymptotic distributions of their estimators are not derived.

Structure of the Paper

The rest of the paper is organized as follows. Section 2 introduces the model and the new
two-step estimator. Second 3 establishes the consistency and the asymptotic distribution of the

estimator, and discusses how to correct the asymptotic bias, how to estimate the asymptotic

2Harding et al. (2020) also considered heterogenous slopes and showed that the CCE estimators are v/ N-
consistent.



covariance matrix, and how to choose the tuning parameters in practice. Monte Carlo simu-
lations are used to evaluate the finite sample performance of the proposed estimator and the
effectiveness of the alternative bias-correction methods. Finally, Section 5 concludes. The proofs

of all the theorems are relegated to the online appendix.

Notations

Through out the paper, Qy|[7|X = x| denotes the conditional T7—quantile of Y of given
X =z, ||A|| denotes the Frobenius norm of matrix A, and Tr(-) denotes the trace of a square
matrix. For two sequences of non-decreasing real numbers {a;} and {b;}, a; < b; means that

there exists 0 < ¢ < ¢g < 0o such that ¢ < aj/bj < ¢g for all large j.

2 The Model and The Estimator

2.1 The Model
For some 7 € (0, 1), consider the model:
1/2'15:BO(T)/Xit+)‘i(T)/ft+uit fOT’izl,...,N;tzl,...,T, (1)

where (Y, Xi:) € R x RP is the vector of observed variables for individual 7 at time ¢, A;(7) € R”
and f; € R” are the unobserved factor loadings (or individual effects) and common factors
(or time effects), respectively. The idiosyncratic error u; is assumed to satisfy the following

conditional quantile restriction almost surely:
Quit [T’Xib)\i(’r)vft] = 0. (2)

Given the above restriction, we have Qy,, [7| X, \i(7), ft] = Bo(7)' Xt + Xi(7)' fr. Thus, our main
object of interest is fy(7), i.e., the marginal quantile effect of the regressors X;; conditional on

the factors and factor loadings.

In addition, following the literature on common correlated effects (CCE) estimation of panel
data models (see Pesaran 2006 and Karabiyik et al. 2017), I assume that the regressors are
driven by the common factors f¢, i.e., the dynamics of X;; is captured by the following factor
model structure:

Xg=Tift+ey, fori=1,... ., N;t=1,...,T, (3)

where I'; € RP*" is a matrix of constants, and e; € RP is a vector of random errors.

The main reason of adopting the CCE framework in this paper is that it allows us to estimate

Bo(7) in a simple two-step procedure that will be defined below. The benefits of employing the



two-step estimation approach are twofold: first, under some standard assumptions, the factors
can be consistently estimated in the first step using the regressors, which greatly simplifies the
asymptotic analysis of the estimator in the second step; second, the low computational cost of

the two-step estimator makes it appealing to empirical researchers.

In comparison, in an alternative framework where the relationship between the regressors
and the factors is left unspecified (such as Bai 2009 and Ando and Bai 2020), the coefficients
for the regressors, the factors and the factor loadings are usually estimated jointly. One the one
hand, such “joint estimators” are computationally intensive since they involve iterations between
the factors and the factor loadings. On the other hand, the asymptotic properties of such “joint
estimators” are much more difficult to establish in the context of quantile regressions. Ando
and Bai (2020) consider heterogeneous panels where the estimator of each individual’s coefficient
converges at v/ N rate. In a homogeneous panel, the estimator for the coefficient converges at the
much fast v/ NT rate, making it much more challenging to derive the asymptotic distribution
of the estimator because many higher order terms that have been ignored in Ando and Bai
(2020)’s analysis will become relevant. Moreover, note that the asymptotic analysis of Chen
et al. (2020) for nonlinear panel data models with interactive fixed effects, which is already very
involved, does not apply to these “joint estimators” since the parameters in the quantile models

are defined through non-smooth moment conditions.?

2.2 The Two-Step Estimator

For the moment, assume that the number of factors r is known (Section 3.1 below discusses
how to consistently estimate r) and that p > r. Define X; = N1 Zf\il X+, and EX =
T-! Zthl X, X[, Moreover, let K(z) = 1 — [7 k(z)dz, where k(-) is a symmetric continu-
ous kernel function with support [—1,1] and h is a bandwidth parameter. Then the two-step

estimator of fy(7) is defined as follows:

Step 1: ft = ¥ X;, where U € RP*" is the matrix of eigenvectors associated with largest r

eigenvalues of 3.

Step 2: A(7) is defined as:

(Yie — B' Xt — Nift), (4

[3(7)7[\(7')] = argmin 122 [T _K<Yit — 5/)2” — )\;ft>

peBrieA NT — —

where A(T) = [A(7),..., An(7)].
Define I(u) = (7 — K (u/h))u and L(8,A) = (NT) " SSN ST 1(Vie — /X — N, f:), Step

30ne can smooth the object function in quantile regressions like I do in this paper, but some important
assumptions of Chen et al. (2020) (such as the boundness of the derivatives of the object function) can not be
satisfied by the smoothed check function.



2 of the estimation procedure can be effectively solved by the gradient descent algorithm as

follows:

Step 2.1: Choose the initial value of the parameter: (5(%, A(O)).

’

Step 2.2: For j =0, set s; = 1; for j > 1, define Lf = —(NT)' SN S 1Y — BY) X —
)\Sj),ft)Xit, Lj‘i =—(NT)! Ethl 1D (Y — BU X,y — /\Ej)/ft)ft, where [(1) (u) = Ol(u)/Ou. Set”

)

(89 = BU=VY(LF — L)) + L P = ATy (L) — L))

S5 = 3 5 |2 ~ N NI
ERR RN

Step 2.3: Update the parameters by

i —

UL = gl _ sj .Lf and )\Eﬂ_l) = AV S5 L;\Z

Step 2.4: Iterate Step 2.2 and Step 2.3 until the object function converges.

Since the object function L(/3,A) is not convex in (3, A), there is no guarantee that the
gradient descent algorithm above is able to find the global minimum. Thus, choosing a good
initial value for the parameter is essential. In practice, I recommend using the following estimator

as the initial value of the parameter:

- ~ 1 N T .
[B(r), A(T)] = argmin —— > "> " p. (Vi — B'Xi — Nify), (5)

peBriea NT = —

where p, = (7 — 1{u < 0})u is the check function. Under Assumptions 1 and 2 of the next

section, it can be shown that B (7) is a consistent estimator of By(7).”

Remark 1 The way I estimate the unknown factors in Step 1 is different from the standard
CCE method that uses X; and Y; = N~! Zf\il Y as the prozies of fi. A problem with the CCE
approach, as pointed out by Karabiyik et al. (2017), is that the second moment matriz of the
estimated factors is asymptotically singular when p+1 > r, known as the problem of “degenerated
regressors”. This problem results in two possible complications for nonlinear panel data models:
first, the asymptotic property of the CCE estimator is more challenging to establish and there
might be extra biases due to the degenerated regressors (see Theorem 3 of Karabiyik et al. 2017);
Second, since the nonlinear models usually requires nonlinear optimization algorithms to obtain

the estimator, it is difficult to find the (local) minimum with degenerated regressors. My approach

4This method of choosing the step size is known as the Barzilai-Borwein method.

5The proof of this claim is essentially the same as the proof of Theorem 1, and it is therefore omitted. In fact,
the consistency of B(T) does not require B to be compact thanks to the convexity of the check function — see
Kato et al. (2012).



avoids this problem because it will be shown in the next section that the second moment matrix
of the estimated factors is asymptotically full rank as long as p > r.

Remark 2 A natural question that arises is why not just use the estimator given in (5) in Step
2. The main reason is that it is difficult to work out the analytical expression of the asymptotic
bias of B(7) due to the non-smoothness of the check function — see Kato et al. (2012) for a
detailed discussion. The use of SQR in Step 2 is inspired by Galvao and Kato (2016), who
derived the asymptotic bias of the fized effects estimator for quantile panel data models with only
individual effects. Similar ideas has been explored by Amemiya (1982) and Horowitz (1998), but

for different objectives.

Remark 3 At 7 = 0.5, the models (1) to (3) can be viewed as a variant of the model of Pesaran
(2006) where the assumption that w;; has conditional mean 0 is replaced by the assumption that
u;; has conditional median 0. Accordingly, my two-step estimator at 7 = 0.5 can be viewed as
the least absolute deviation (LAD) counterpart of the CCE estimator. As will be shown below,
the advantage of the LAD estimator is that I only need restrictions on the conditional density
of ust to establish its consistency and asymptotic normality, making it more robust to outliers
and heavy-tailed distributions. The robustness of the proposed estimator against heavy-tailed

distributions is examined through Monte Carlo simulations in Section 4.2.

3 Asymptotic Results

Suppose that we have a panel of observations {(Yj, Xjt),s = 1,...,N,t = 1,...,T} generated
from (1) and (3), where the realized values of the individual and time effects are Ao(7) =
Mo1(7), ..., don (7)) and Fy = [fo1,- - ., for]. In the section, following the literature on nonlinear
panel data models, I adopt a fixed effects approach by treating Ag(7) and Fy as fixed (nuisance)

parameters. Thus, given Ag(7) and Fy, my model can be written as
Yie = Bo(7) Xie + Moi(7) for + wit,  Quy,[7|Xa] = 7. and Xi = T for + €.

Alternatively, all the assumptions and asymptotic results in this section can be understood as
being conditional on A(7) = Ag(7) and F' = Fy. Moreover, to simplify the notations, I suppress

the dependence of A\p;(7) on 7 throughout this section.

3.1 The Number of Factors

In the previous section I assume that r is known, which is rarely that case in most empirical

applications. Thus, in this subsection I propose a consistent estimator of r.



Note that

where ifo =71 ZtT:1 forfo, T = N1 Zf\il I and e = N1 Ei\il e;r. If we assume that
{ei,i=1,...,N} is weakly dependent for each ¢, the first three terms on the right-hand side of
the above equation can be shown to be op(1). Moreover, if both T' and )y f, have full rank, then
) ¢ converges in probability to a matrix with rank r. This observation motivates the following

estimator of 7.

Let p1 > p2--- > p, be the eigenvalues of by 1, and let Pyr be a sequence of non-negative

constants. Then the estimator of r is defined as

p
7= Z 1{ﬁj > PNT}.
j=1

In order to prove the consistency of 7, I impose the following conditions:

Assumption 1 Let M > 0 be a generic bounded constant.

(i)p=>r.

(ii) || forll < M for all t. There exists X, € R™" and Tg € RPX" such that X5, — Xy, | =
O(T~1/2), |T —Ty| = O(N~Y?), and rank(X,) = rank(Tg) = r.

(iii) Elei] = 0 for i,t, and E|N=YV2 N ey]|2 < M for all t.

The conditions that p > r and rank(I'g) = r are standard in the literature of CCE estimation to
ensure that the space of the common factors can be approximated by the cross-sectional averages
of the regressors. Condition (ii) implies ToX ¢ I'{ has full rank. It is also worth noting that I
only require weak cross-sectional correlations of e;; through condition (iii), and the temporal

correlations of e;; are left unrestricted.

Then it can be shown that:

Proposition 1 Under Assumption 1, P[t = r|] — 1 as N,T — oo if Pyy — 0 and Py -

min(\/N, \/T) — 0.

Given the above result, the number of factors r can be treated as known in the subsequent

analysis regarding the asymptotic properties of 3(7) (see footnote 5 of Bai 2003).

3.2 Consistency

let ¥y € RP*" be the matrix of eigenvectors associated with the r distinct positive eigenvalues
of T'oX 4, I, and define Hy = ¥(T, for = Hofor, Aoi = (H{) *Aoi- Note that Hy is a full rank



matrix®. In addition, define Vi; = [X,, f(’)t]’ , let fi;(-|x) denote the conditional density of u;
given X;; = x, and let p; 7 denote the smallest eigenvalue of T’ -1 Zthl E[fi+ (0| X;¢) Vie V]

To derive the consistency of the estimator, I impose the following conditions in addition to

Assumption 1:

Assumption 2 Let M > 0 be a generic bounded constant and let m > 1 be a positive integer.
(i) The r positive eigenvalues of oY, Iy are distinct.

(ii) Bo(T) € B, Aoi € A for all i, and A, B are compact.

(iti) There exists 0 > 0 such that N~! Zf\;l oir > o for all large N and T. fi(tl)(c\x) =
Ofit(c|z)/0c exists and max; |fi(t1)(c|x)| < M wuniformly over (c,x).

(iv) For each i, the sequence {(Xi,uit),i = 1,..., N} is a-mizing with coefficients o;(j) satis-
fying that maxi<i<n a;(j) < M - o for some 0 < o < 1.

(v) There exists v > 0 such that E|| Xy||*™Y < M for all i,t.

(vi) As N,T — oo, h - 0 and N/T™ — 0.

Before presenting the consistency result, I briefly comment on the conditions in Assumption

Condition (i) allows the use of perturbation theory for the eigenvectors of T'oX ¢, Iy, which is
important for the result that ft converges to Ho fo:. Similar condition has been imposed in the

study of PCA estimators for approximate factor models (see Assumption G of Bai 2003).

Condition (ii) requires the parameter spaces to be compact. The compactness of B is needed
because the smoothed check function is no longer convex in (f,)\;) given (Xy, fi), and the

compactness of A helps to bound the impact of the estimation errors of ft on the object function.

Condition (iii) is similar to the standard identification condition in quantile regressions. The
main difference here is that I have to take into account the common factors. Note that it
allows p; 7, the smallest eigenvalue of 71 Zthl E[fi+ (0| X;¢) Vit V4], to be 0 for some i as long as
N1 Zf\il o0i 7 is bounded below by a positive constant. But it will fail if X; = [X;1,..., Xi7]’

and Fy = [fo1,-- -, for] span the same space for all i, e.g., e;; = 0 for all i,¢.

Condition (iv) is also standard in the literature (see Assumption D.1 of Kato et al. 2012).
The strong mixing condition is used to derive moments bounds in order to apply law of large
numbers and central limit theorems. It is commonly employed in nonlinear panel data models
because the mixing property is nicely preserved by nonlinear transformations. However, I don’t
assume stationarity because for the factor loadings to be quantile dependent, u; should be
allowed to depend on the factors. Therefore, conditional on fy;, it become necessary to allow
the distribution of u;; to change across t. Moreover, conditional on fy;, the mean of X;; is given
by I'; fot, thus the distribution of X;; should also be time dependent.

Ssee the proof of Lemma 1.
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Condition (v) and (vi) reflect a trade-off between the moments of X;; and the required
relative size of T' compare to N. The existence of higher moments of X;; allows for less restrictive
conditions on the size of T. In particular, if m = 1 and E|| X;||**" < M, we need N/T — 0 — a
very strong condition that is hard to satisfy in most empirical applications. However, if m = 2
and E||X;||*™" < M, only N/T? — 0 is needed. Moreover, if it is assumed that || X;| < M
for all 4, almost surely, condition (vi) can be relaxed to log N/v/T — 0 (see Proposition 3.1 of
Galvao and Kato 2016).

Besides the above conditions imposed in Assumption 2, it is worth mentioning that the
cross-sectional dependence of (X, u;) is not explicitly restricted. While the cross-sectional
dependence of Xj; is implicitly controlled by Assumption 1(iii), no such restriction is needed
for w;. The intuition is that in the large-T" asymptotic framework, given { fo;}, Bo(7) can be
consistently estimated from observations of any individual ¢. Thus, for consistency I only need
weak dependence of u; on the time dimension, and the weak cross-sectional dependence of X;;

is only needed to ensure that the space of {fo;} can be well approximated by {f;}.

Last but not least, note that unlike Ando and Bai (2020), I don’t impose any moment restric-
tions on wu;, making my estimation procedure robust to outliers and heavy-tailed distributions.
Moreover, compared with the procedures that estimate the factor and factor loadings jointly
(such as Chen et al. 2019), I don’t need any rank condition on the factor loading matrix, which
means that some of the factor loadings in model (1) can be 0. In other words, there can be some
factors that affect X;; but not Yj;.

The following theorem establishes the consistency of 3(7) for any given 7 € (0,1).

Theorem 1 Under Assumptions 1 and 2, 3(7) is weakly consistent, i.e., ||3(7)—Bo(7)|| = op(1)
for any 7 € (0,1).

3.3 Asymptotic Distribution

Let f;¢(-) be the density function of w;, fi(-|z;:) be the conditional density of u;; given X = x4,
and f; (-, -|zit, is) be the joint density of (wir, uis) given (Xy, Xis) = (zit, zis). Moreover, let
£9(c) = @fu(e) /00, £ (clain) = Dflclr) /0, £ (c1, ealan, wis) = OTHFF(clra) /00K,

In particular, let fi(to)(c) = fi1(c) and ff?)(ch:it) = fi(clxi).

In addition, define

T
1 1
Ei == Efe(01Xi) Xidl for, Q2 == fu(0)forfor,  Bi =E0;,
pXT r t=1 rXT T t=1 pXr

11



N T
- : 1
= Xit — ‘:‘iQi lfOt, A = lim — Z ZE it 0|X2t ZtZz{t]‘

it
<~ “~~  NT-cc NT ¢
px1 rXr =1 t=1

To derive the asymptotic distribution of 3 (1), I need the following conditions:

Assumption 3 Let M > 0 a generic bounded constant, and let ¢ > 8 be an even integer.

(i) Bo(T) is an interior point of B and {5\01, el 5\01\7} are interior points of A.

(ii) {Qi,i=1,...,N} are all invertible for large T and A is invertible.

(111) max; ¢ | Xit|]| < M almost surely.

(iv) Define X' = (Xi1, ..., Xar) and ul’ = (w1, ..., uir). {(XI,ul),i=1,...,T} are indepen-
dent across i.

(v) fit(c|zit) is g times continuously differentiable with respect to ¢ and f;s(c1, ca|it, is) is q

times continuously differentiable with respect to (c1,c2); )f(j (c\:ﬂn)‘ < M wuniformly over (c, ;)

for all j =0,....q; (fftf’<c1,cQ|xmxw) < M and
(Cla C2axitaxis) fOT’ all ] - 07 - q-
(vi) f}l E(u)du =1, f}l kE(wwdu=0 for j=1,...,q—1 and f}l kE(u)uldu # 0.

(vii) N/T = k? >0 as N,T — oco. h<T"¢ and 1/q < c < 1/6.

fft;”) (c1, c2|Tit, Tis)

< M uniformly over

Remark 4 The conditions of Assumption 8 above are very similar to the assumptions imposed
in Galvao and Kato (2016). Thus, I refer to Galvao and Kato (2016) for the details of these
conditions. The only difference is that Galvao and Kato (2016) requires ¢ > 4 and 1/g < c < 1/3
while I need the stronger conditions that ¢ > 8 and 1/q < ¢ < 1/6. More specifically, due to the
presence of the interactive effects, Lemma B.2 of Galvao and Kato (2016) can not be used to
show that the remaining terms in the expansion of B(T) — Bo(t) is op(T™1). Instead, to bound
the higher order terms, I combine the uniform convergence rates of i and ft and the fact that
the third order derivative of the object function is uniformly bounded (up to a positive constant)

by 1/h? — this is why I need a much larger h and therefore a much smaller c.

Next, define:
N L
; fit (0] Xit) Zit N Bt,kzN;fmom@i,k,
p
B T N
1)
z,k ZE it (01Xit) Zit i) for for,  Dek Z E[f (0 Xit) Zit ) Aoi -
r><r t:l rXT =1

I need to impose some extra conditions to make sure that the asymptotic biases of B (1) are well
defined.
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Assumption 4 Define:

1t 0|th 1t}f0t lfOta

”Mﬂ

0
ZZ(TE (0 Xit) Zia] — [/ z,ts(o,v\Xit,dev-Zit])f{)tﬂi‘lf()s,

t=1 s#t

W’EI?))k:_Tl_T ZfOt CCin for,

szk ZZ{E {uy < 0,us < 0} — 72} f5,9 Cin fos,

t 1 s#t

and assume that the following limits exist:

N
. 1 (
by = —(7—0.5) 'NITHEOONZ“’T% N NT—>oo N ZwTﬂ
) =1

N N
; 1 3 (3) 1 3 (4)
b27k =05 N,ITI’IE)IOO N — wT,i,k + 0.5 N}legoo N — wT,i,k’
1= 1=

T
i = NT—)oo NT ZZE it (0] Xit) Zie Ao;(Ho) ™' Wheq),
i=1 t=1
d27k =0.5 IHLIOO NT Z Z Tr {E eltezt W, H’) <2Bt,k + Dt,k) (Ho)fl\llé} .
i=1 t=1

The following theorem gives the asymptotic distribution of B (7).

Theorem 2 Suppose that Assumptions 1 to 4 hold, then as N,T — oo,
VT [B(7) = o(r)] S N(AT (b + 1), AT VAT,

where b= by + by, d = dy + da, by = [bay,...bap), do = [dos,...dap)/, V=V + Vs,

. 1 & N T T
Vl NT*)OON;;E[WZt i/t]7 V2 - NITI—‘ILIOO NT ;;SZ#E W’Lt

and
Wit = [T — 1{uit S O}]th — At(HQ)_l\Paeit.

Remark 5 In the proof of Theorem 2, I show that B(T) — Bo(T) has the following Bahadur

13



representation:
1 e b d
A 1
AGE) o) = 577 3 Wih g on(r ),

where Wi = 1 (ui) Zyy — Ay(Ho) ' Whey, and IV (u) = 7 — K(u/h) + k(u/h)u/h. The first
bias term b/T is caused by the estimation of Ay and the second bias term d/N originates from
the estimation of Fy. In nonlinear (probit, logit) panel data models with interactive effects,
Chen et al. (2020) is the first to establish a similar Bahadur representation for the fixed-effects
estimator. Similar to my result, the biases of their estimator, which are gemerally non-zero
except for some special cases, arise from the estimation of the fixed effects. This is in contrast
to linear panel data models with interactive effects, where the fized-effects estimator of the slope
parameter has a similar Bahadur representation (see Theorem 3 of Bai 2009), but the bias term
b/T is due to cross-sectional correlation and heteroskedasticity and the bias term d/T is caused

by serial correlation and heteroskedasticity.

3.3.1 Some Special Cases

(a) Observed factors

First, in some applications, the common factors are observed (e.g., money suppy). In this case,
we don’t need to estimate Fy from the first step. As a consequence, the asymptotic distribution
of B(T) will not be affected by the estimation errors of the factors. In particular, it can be shown
that di = dy = 0 and that W}; = [ — 1{u; < 0}]Z;;. Thus,

VNT [Bm _ 50(7)} 4 N (kA1 ATIVATY

where

1
Veron) g S S B

i=1 t=1
N T T
Jim NTX;;%;E 7% — Fir (0| Xit, Xis) — Fis (01 Xit, Xis) + Fins (0,01 Xt Xis)) Zun Zi]
(] S

and Fi (01X, Xis) = E[1{ui < 0} Xit, Xis], Fits(0,0[Xir, Xis) = E[1{uir < 0,uis < 0} Xje, Xis).

(b) Only individual effects

If we further assume that r = 1, fo; = 1 for all ¢, and {(Xy,ui),t =1,...,T} is stationary for

14



each i, then Ei = E[f,(0|th)th], Qi = fl(O), Zit = Xit — E[f,(let)th]/fl(O),

W(le =E[f;(0|Xit) Zit) /f:(0) = 0

k 0
wé?i = Z <1 - ‘T|> <TE[fi(0|Xit)Zit] -E [/ fitt45(0, 0| Xit, X g1 )dv - Zit:|) /fi(0),

1<|k|<T—-1 o

@ _ T =T7) )
Wy = _WE[Q (0|1 Xit) Zit],

k
Wil =~ 3 (1 ‘T|> {B[1{uit < 0,uspp < 0} — 72} - B[V (0] X,0) Zir) /6:(0)?
1<[k|<T—1

Therefore, the asymptotic distribution of 3(7) — By(7) is identical to the one given by Theorem
3.2 of Galvao and Kato (2016).

(c) No time-series dependences

When there are no time-series dependences, i.e., {(X;, ui),t = 1,...,T} is independent across

t for each i, it is easy to see that wgz =0, w?i i = 0, and Vo = 0. Thus, we have

N T
: 1 _
bi=—(r=05) lim O E[fi(01Xu) Zis] 6,5 for,

N, T—oc0 ‘
i=1 t=1

7(1—17) NI
_ B I O—1c. —1
by = T2 NT—>oo Zﬁ §:1: Jor&2 " CiwSY; " for,

and

— / /
V_NI%IEOONTZ;;EW” i =7(l=7) NI%QOONTZ;;E ZivZi)
1 1=

+ dm NT ZZAt Hy) W) E[e;el, ] Wo(Hp) "t AL
i=1 t=1
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3.4 Bias Correction
3.4.1 Analytical Bias Correction

Theorem 2 above provides the basis of analytical bias correction for B(T) Suppose that A, b

and d are consistent estimators of A, b, d respectively, and define

Bape(T) = B(1) — A~ (; + ;é) .

Then it follows easily from Theorem 2 that the bias corrected estimator ﬁ Apc(7) will have an

asymptotic normal distribution that is centered around 0, i.e.,

VT |Buse(r) = Bo(7)] > N (0,471 VAT, (6)

To construct consistent estimators of A,b,d, let {é;;} be the OLS residuals of regressing
{Xit} on {f;}, define I(u) = (7 — K(u/h))u, 19 (u) = &1(u) /00!, Gy = Yy — B(7)' Xie — N, fy,

and

o

T
Zl ’Uubt itff{y Qz Zl u’Lt ftft7 Ai:éiQi_17

H\H
~~
~

N T N
3 1 . . 1 . 1 o
Lk = 3 E_ 1@ () \i®ip , Cig = T > 18 (iy) Zig fifl, Deg = E 13 (@) Zig o M N

t=1 NI 7
0 _1v 3 LS om1er oo1f
op) = 7 21 @) 2 FOT e, o) =7(1—7)- 7 2 HOT Gl
t=1 t=1
T L t+L
Z > 13 (i) Zil D (i) - f 1fs+— Z Z 1 () Zigl W (t135) - FI Q7 s,
t=1 s=t+1 t L+1s=t—L
| T-L L L I
gifz,k— ST W@ () f107 iy A“LT ST @)W ) 107 Ciply
t=1 s=t+1 t=L+1 s=t—L
- 1 & 1 1 & 2 1 & 3 4
b= —(r—05) - 3ol - = S0, by = 0.5 (@;j,k n @(T,Z,k) ,
=1 =1 =1
1 N T e . 1 N T .
- == ; ;z (130 2N ¥ e, o = 0.55— ;; b <2Bt L+ D, k) ey,
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Given the above definitions, the estimators for b and d are given by b= 131 —i—i)g and d = (21 —i—cZz
respectively, where by = [32,1, .. .,lA)gp]' and dy = [Jg,l, e ,dzp]’ . The following result confirms

the validity of the proposed analytical bias correction.

Theorem 3 Let v < 1/6 — ¢ be a positive constant where c is defined in Assumption 3(vii).
Then under Assumptions 1 to 4, A = A+o0p(1), b=b+o0p(1), d = d+op(1) and therefore (6)
holds if L — oo and L/(T°°7*h3) — 0 as N,T — oo.

3.4.2 Jackknife Bias Correction

Following Dhaene and Jochmans (2015), Ferndndez-Val and Weidner (2016) and Chen et al.
(2020), an alternative method to correct the leading bias of 5(r) is the SPJ.

For a given 7, let Bﬁ?T /o (7) be the two-step estimator, defined as in (4), using the subsample
i=1,...,N;t=1,...,7T/2, and let B](\?’)TQ(T) be the two-step estimator using the subsample
i=1,...,N;t =T/2+1,...,T. Similarly, define B](\}/)Q’T(T) as the two-step estimator using
the subsample i = 1,...,N/2;t = 1,...,T, and B](\?/)ZT(T) as the two-step estimator using the
subsample i = N/2+1,...,N and t = 1,...,T. Then the bias-corrected estimator using the
SPJ is defined as

R R 1raA R 114 R
Bapi () = 3B(r) = 5 [ BV s (1) + 8000(D] = 5 B0 + BOr(M] . (@

The computation of this estimator is almost as easy as the original two-step estimator B (7).

The main intuition of the SPJ estimator is that if the underlying distributions of the data
are stable across ¢ and ¢, the term 0.5(5](\}%/2(7) + ﬂA](\?)T/Q(T)) — B(r) is a good estimate of
b/T, and the term 0.5(,31(\}/)2’71(7') + B](\?/)QT(T)) — B(r) is a good estimate of d/N. In models
with only individual effects, the asymptotic bias of the fixed-effects estimator is determined
by the distribution of (X, u;). Thus, the formal justification of the SPJ only requires the
sequence { (X, uit),t = 1,2,...} to be stationary for each ¢ (see Dhaene and Jochmans 2015
and Galvao and Kato 2016). However, in models with interactive effects, the asymptotic biases
are also affected by Ay and Fy. Thus, to justify the use of the SPJ, we also need some kind
of of conditions to ensure that the distributions of fi,..., fr are stable across t and that the
distributions of A1,..., Ay are stable across i. On one hand, such assumptions involve the
unconditional distributions of A and F’; on the other hand, my asymptotic theory is established
conditional on Ay and Fj (realizations of A and F') — this gap makes it difficult to rigorously
prove the validity of the SPJ estimator. I leave this important but challenging question for
future research, and the finite sample performance of the SPJ estimator is evaluated in the next

section using Monte Carlo simulations.
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3.5 Estimating the Variance

The previous subsection gives a consistent estimator of A. Thus, it remains to construct a

consistent estimator of V. Define

N N
< 1 NS A A Ao, 1
Av=+ Zl@) (i) Zau XNy, Wi =1 (1) Zip — AV, =NT D> WuW,
i=1 i=1 t=1
1 N T—-L t+L
r /
PR 55 S SRR o oI SR A
=1 t=1 s=t+1 1=1 t=1+L s=t—L

and V = Vl + Vg. The following result establishes the consistency of V.

Theorem 4 Let L satisfy the condition of Theorem 3. Then under Assumptions 1 to 4, V =
V + Op(l).

3.6 The Choice of Tuning Parameters in Practice

The implementation of the proposed estimation procedure in practice involves choosing the
kernel function k(-), the bandwidth parameter h, and the truncation parameter L in the HAC-

type estimators of the biases and variance.

First, Assumption 3 requires k(-) to be (at least) an eighth-order kernel function. Thus, I

recommend using the following kernel function (see Muller 1984):

3465
k(2) = 1]z <1} - o700 (71052 4 46221 — 85827 4 71527 — 221217)

Second, if one chooses the eighth-order kernel function above, Assumption 3 requires that
h=T7¢and 1/8 < ¢ < 1/6. Thus, when N is about the size of T in practice, a possible choice
is h = 1.5(NT)~'/1, which is the one I use in all the simulations in the next section. Note that
even when there are only individual effects, the optimal bandwidth choice in SQR still remains
an open question (see Galvao and Kato 2016). Thus, I would like to leave the important but

challenging question for future research.

Finally, the choice of L in dynamic models is a more delicate issue, especially in the current
context. As pointed out by Galvao and Kato (2016), the standard theory for the HAC estimator
of covariance matrix in models with smooth object functions does not apply to the quantile
panel data models. Even though Theorem 3 and Theorem 4 require that L goes to infinity as
N, T get large, the simulation results in the next section support the proposal of Galvao and
Kato (2016) and Hahn and Kuersteiner (2011) to use L = 1 in practice, especially when 7T is not

large. Thus, following the literature and based on my simulation results (see the next section),
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I recommend choosing L = 1 in practice as a rule of thumb.

4 Finite Sample Performance

To evaluate the finite sample performance of the proposed estimators, the following data gener-

ating process (DGP) is employed:
Yie = B1Xitn + BoXivo + B3 Xtz + i + Vi fe + Xit1 - €3t

where [81, B2, 03] = [1,1,1], a; ~ 1.i.d N(0,1), 3 ~ 1.i.d N(0,1), fr ~ 1.i.d N(0,1), Xjr1 ~
iid x?(1) + 1, and Xjpo = O + n2ift + €2,it, Xits = O3; + n3:ft + €3,it, where Oa;, 034,124, 73; ~
iid NV (1,1). Since the asymptotic results are conditional on the fixed effects, only X 1, €2.it, €3.it, €it
vary across repetitions. The distributions of e j, €3¢, €;+ are specified in each subsection below.
Throughout this section, the kernel function k(-) and the bandwidth parameter h are chosen as

mentioned in Section 3.6.

In this DGP, there are two common factors: 1 and f; and the factor loading is given by
Ai = [, 7vi]'. Section 3.1 below examines the estimation of r, while Section 3.2 and Section 3.3

focus on the estimation of the coefficient of X;; 1, which varies across different quantiles.

4.1 The Number of Factors

The performance of the estimator for the number of factor depends crucially on the properties
of ej ;. Following Bai and Ng (2002), I consider the following DGP for e; j;:

i+m
€jit =Vejit1+ Vi ¢ D v
I=i—m,l#i
where v} ;s ~ 1.i.d N(0,1) for j = 2,3. The parameter 7 controls the serial dependence and the
parameters ¢, m determine the cross-sectional dependence. The following models are considered

in the simulations:

Q1: ii.d errors: v = (¢ = 0.
Q2: serial dependence: v =0.2, { = 0.
Q3: cross-sectional dependence: v =0, ( = 0.2, m = 5.

Q4: serial and cross-sectional dependence: v = 0.2, ( = 0.2, m = 5.

Recall that the estimator for the number of factors is defined as the number of eigenvalues
of 3¢ that is larger than Py7. Note that Proposition 1 requires that Pyr = (min{N,T}) ¢ for
some 0 < ¢ < 1/2. Thus, in the simulations I choose ¢ = 1/3. Tabel 1 reports the frequencies of

choosing the right number of factors (denoted as P[# = 2]) and the mean number of estimated
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factors (denoted as mean|#]) from 1000 repetitions for N, T € {20, 50,100,200}. It can be seen
that the proposed method choose the right number of factors in all models with very high

precision as long as min[N, T > 50.

4.2 Static Models

In this subsection, eg;,e3; are generated as i.i.d standard normal random variables, and I

consider two different specifications for the distribution of €;:

M1: € ~iid N(0,1).
M2: €;; ~ i.i.d T(3), where T (3) denotes the student’s t distribution with 3 degrees of freedom.

The main object of interest is the quantile coefficients of Xy ; at 7 = 0.25,0.9, and the

following three estimators are considered:

B(7): the two-step estimator using SQR.
Babc(T)i the bias-corrected two-step estimator using analytical bias correction.

Bspj (7): the bias-corrected two-step estimator using the SPJ.

The kernel function and the bandwidth parameter are chosen as mentioned in Section 3.6.
Given the excellent performance of the estimated number of factors in the previous subsection
I treat the true number of factors as known. The simulation results from 500 repetitions are
reported in Table 2, where column 3 to column 5 report the biases the estimators, column 6 to
column 8 report the standard deviations, and the last three columns report the coverage rates
of the confidence intervals with 95% nominal levels. Note that the DGP in this subsection has
no serial correlations. Thus, when constructing the analytical-bias-correction estimators and
the confidence intervals, the biases are estiamted by setting d)é? 2 = w% 2 = 0, and the covariance

matrices are estimated using the formula given in Section 3.5 with Vs = 0.

There are four main takeaways from the simulation results. First, the biases and the standard
deviations of the estimators are larger when the distributions of the idiosyncratic errors have
heavier tails (normal v.s. student’s t distibutions) and when the quantile of interest is further
away from the median (7 = 0.9 v.s. 7 = 0.25). This is true for both the original two-step

estimators and the bias-corrected estimators.

Second, it is clear from the results that the biases of the estimators decrease either as IV
increases while T is fixed, or as T increases while N is fixed. This confirms the existence of
a leading bias term whose size depends on both N and T, as I have established in Theorem
2. Such results are in contrast with the findings in quantile panel modes with only individual
effects, where the leading bias term is approximately of order 7! and thus the biases decrease

only when T increases.

Third, for the analytical bias correction to have good performance, the number of time series
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observations (1') needs to be at least 100. On the other hand, the SPJ perform much better
when T' = 50 because there is no need to estimate those complex objects (such as the inverse of

the density functions) when constructing the estimators of the biases.

Last but not least, it can be seen that both analytical and the SPJ bias corrections can
significantly reduce the biases of the two-step estimator, as predicted by my theoretical results.
However, the reduction of biases comes at the cost of inflating the standard deviations — this
is especially noticeable for the analytical bias correction when T' = 50. As a consequence, the
coverage rates of the confidence intervals based on the bias-corrected estimators are in general
lower than those based on the original two-step estimators. Therefore, different from the usual
suggestion of applying bias correction technique to the fixed-effects estimator of nonlinear panel
data models (including quantile panel data models) to improve finite sample performance, for
the models considered in this paper the important lesson we can learn is that bias correction
can be harmful and it is actually better to use the original estimator (without bias-correction)

to achieve better finite sample performance.

4.3 Dynamic Models

In this subsection, I consider dynamic models where €;; are generated as autoregressive processes:

€it = p-€it—1+\1—p%- vy, where vy ~1id N(0,1)

. . . .. . ~(2) (4
As in the previous subsection, es;; and e3;; are i.i.d standard normal variables. Now, wéﬂz, wéqz

and Vs are estimated by the formulas given in Section 3.4 and 3.5. As discussed in Section 3.6, I
focus on the choice of L = 1,2. The results with weak serial correlation (p = 0.2) and moderate

serial correlation (p = 0.5) are reported in Table 3 and Table 4 respectively.

In general, except for a few cases where the standard deviation of Babc is extremely large,
which usually happen when 7" = 50, the results are very similar to those reported in Table 2
for the static cases. In particular, changing the truncation parameter L from 1 to 2 does not
significantly improve the finite sample performance of the estimators. This is also true if I allow
L to increase with sample sizes (more simulation results are available upon request). Thus, as

mentioned in Section 3.6, L = 1 is recommended as a rule of thumb for practitioners.

5 Conclusions

Estimating the coefficients of the regressors and the interactive fixed effects jointly in a quantile
panel model is not only computationally difficult but also theoretically challenging to derive the
asymptotic properties of the estimators, mainly due to the fact that the object function is non-

smooth and non-convex. In this paper, I propose a two-step estimator that is easy to implement
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in practice. Because I use smoothed quantile regressions in the second step, the derivation of the
asymptotic distribution and the asymptotic biases of the estimator is possible. The asymptotic
distribution provides a formal justification for the use of analytical bias correction and a heuristic
argument for the use of the SPJ to correct the asymptotic biases, and the simulation results
confirm that both bias-correction methods can effectively reduce the biases with moderate sample
sizes. However, it should be cautioned that the bias correction methods inevitably inflate the
standard deviations of the estimators, and result in confidence intervals with lower coverage rate
than the estimators without bias correction. Finally, even though I have provided conditions
with regard to the sizes of the bandwidth parameter in SQR and the truncation parameter in
the HAC-type estimators of the bias and variance, there remains the important but challenging
question of how to choose these parameters optimally in a data-dependent manner. Such an

interesting question is left for future research.
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Table 1: The Number of Factors.

(N,T) Q1 Q2 Q3 Q4

Plf =2 mean[f] P[f=2] mean[f] P[f=2] mean[f] P[f=2] mean|F|

(20,20) 0.997 1.997 0.997 1.997 0.996 1.996 0.997 1.997
(20,50) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000
(20,100) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000
(20,200) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000

(50,20) 0.002 1.002 0.003 1.003 0.064 1.064 0.075 1.075
(50,50) 1.000 2.000 1.000 2.000 1.000 2.000 0.999 1.999

(50,100) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000
(50,200) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000
(100,20) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000
(100,50) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000

(100,100) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000
(100,200) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000

(200,20) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000
(200,50) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000
(200,100) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000
(200,200) 1.000 2.000 1.000 2.000 1.000 2.000 1.000 2.000

Note: 1000 repetitions. DGP: f; ~ i.i.d N(0,1), Xit1 ~ i.id x*(1)+1, and Xz 0 = O2;+10i fr +e2,it,
Xit,3 = 03; + m3ift + esir, where €5 = yejit—1 + Vjie + C - Z;:ﬁm,l# Vie, 024,03, M2i, M35 ~
iid N(1,1), voi,vs, ~ 1id N(0,1). Ql: vy =(=0; Q2: v=02,¢(=0; Q3: v=10, ¢ = 0.2,
m =5; Q4: v = 0.2, ( = 0.2, m = 5. The above table reports the frequencies of choosing the
right number of factors (denoted as P[# = r]) and the mean number of estimated factors (denoted as

mean[r]).
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Table 2: Static Models.

M1 Bias Std Coverage Rate (95%)
T (N,T)  B(1) Bave(r)  Bops(r)  B()  Bave(r)  Bspi(r)  B(T)  Bave(r)  Beps(7)
0.25 (50,50) 0.024 0.004 0.005 0.086 0.484 0.111 0.908 0.596 0.852
(50,100) 0.016 0.005 -0.011  0.062 0.081 0.076 0.910 0.860 0.854
(50,200) 0.007  -0.002 -0.001  0.043 0.049 0.050 0.934 0.910 0.906
(100,50) 0.019 -0.014 0.001 0.062 0.413 0.074 0.908 0.582 0.898
(100,100)  0.009 0.005 0.000 0.043 0.063 0.051 0.924 0.814 0.890
(100,200)  0.003 0.001 -0.001  0.031 0.035 0.034 0.946 0.926 0.920
(200,50) 0.016 0.017 -0.001  0.043 0.484 0.050 0.924 0.484 0.906
(200,100)  0.007 0.005 -0.001  0.030 0.050 0.035 0.926 0.820 0.908
(200,200)  0.004 0.002 0.001 0.022 0.024 0.024 0.946 0.920 0.916
0.9 (50,50) -0.051 0.004 0.017 0.110 0.812 0.151 0.874 0.676 0.812
(50,100) -0.030  -0.022 0.001 0.076 0.097 0.100 0.874 0.808 0.798
(50,200) -0.014 -0.010 -0.001  0.054 0.061 0.067 0.914 0.874 0.834
(100,50)  -0.049  -0.039 0.019 0.074 0.218 0.091 0.864 0.664 0.860
(100,100) -0.026  -0.021 0.003 0.055 0.066 0.065 0.884 0.834 0.850
(100,200) -0.010  -0.003 0.004 0.038 0.043 0.045 0.898 0.868 0.846
(200,50)  -0.048  -0.046 -0.013  0.057 0.128 0.069 0.796 0.640 0.866
(200,100) -0.021  -0.017 0.004 0.037 0.045 0.044 0.864 0.814 0.862
(200,200) -0.012  -0.007 0.001 0.026 0.028 0.030 0.884 0.882 0.880

M2 Bias Std Coverage Rate (95%)
T (N,T)  B(r) Bave(r)  Bopi(r)  B(T)  Bave(T)  Bopi(r)  B(T)  Bave(r)  Beps(7)
0.25 (50,50) 0.033 0.077 0.004 0.110 1.502 0.140 0.874 0.604 0.814
(50,100) 0.020 0.010 0.000 0.075 0.095 0.090 0.884 0.844 0.842
(50,200) 0.010 -0.000 -0.000  0.053 0.062 0.061 0.928 0.902 0.898
(100,50) 0.028 0.022 -0.002  0.077 0.341 0.092 0.896 0.606 0.882
(100,100)  0.012 0.005 -0.004  0.053 0.078 0.061 0.934 0.818 0.902
(100,200)  0.005 0.001 -0.003  0.036 0.042 0.040 0.950 0.902 0.928
(200,50) 0.027 0.023 -0.001  0.055 0.214 0.064 0.904 0.522 0.904
(200,100)  0.010 0.007 -0.004  0.037 0.056 0.042 0.924 0.788 0.902
(200,200)  0.007 0.002 -0.000  0.026 0.029 0.029 0.946 0.916 0.918
0.9 (50,50) -0.113  -0.259 -0.006  0.180 3.739 0.250 0.806 0.668 0.782
(50,100)  -0.061  -0.070 -0.004 0.122 0.183 0.151 0.806 0.750 0.782
(50,200) -0.028  -0.027 0.001 0.097 0.111 0.117 0.814 0.784 0.760
(100,50)  -0.115 -0.113 0.001 0.121 0.266 0.161 0.778 0.656 0.812
(100,100) -0.055  -0.050 -0.000  0.095 0.109 0.116 0.768 0.742 0.778
(100,200) -0.029  -0.021 0.001 0.066 0.076 0.078 0.808 0.786 0.782
(200,50)  -0.109  -0.111 0.012 0.094 0.182 0.117 0.688 0.594 0.810
(200,100) -0.055  -0.051 0.001 0.067 0.080 0.079 0.726 0.688 0.772
(200,200) -0.027 -0.021 0.001 0.044 0.048 0.050 0.786 0.782 0.802

Note: 500 repetitions. DGP: Y;; = 81 X1 + B2 Xit,2 + B3 Xie,3 + i + i fe + Xit,1 - €ir, where [B1, B2, B3] =
[1,1,1], o ~ iid N(0,1), v ~ Lid N(0,1), fo ~ iid N(0,1), Xia ~ iid x2(1) + 1, and Xie
O2i +m2i fr + €2,it, Xit,3 = 03 + 030 ft +€3,5¢, where 0a;,03;,m2:,m3; ~ 1.i.d N(1,1), €2, e3,i ~ i.i.d N(0,1).
M1: € ~iid M(0,1); M2: € ~iid T(3).
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Table 3: Dynamic Models with p = 0.2.

L=1 Bias Std Coverage Rate (95%)
T (N,T)  B(1) Bave(m)  Bops() B Bave(r)  Bops(r)  B()  Bave(r)  Bapi(7)

0.25 (50,50) 0.024 0.004 0.000  0.083 1.244 0.105 0.914  0.594 0.878
(50,100) 0.016 0.003 0.001  0.061 0.088 0.073  0.904  0.832 0.864
(50,200) 0.009 0.001 -0.000  0.046 0.055 0.063  0.916  0.866 0.890
(100,50) 0.018 0.008 -0.005  0.061 0.655 0.073  0.940 0.548 0.916
(100,100)  0.012 0.008 0.002  0.041 0.073 0.049  0.948  0.822 0.918
(100,200)  0.003  -0.001 -0.002  0.029 0.034 0.033  0.948 0.914 0.918
(200,50) 0.018 0.031 -0.003  0.044 0.236 0.052  0.922  0.564 0.902
(200,100)  0.010 0.004 0.000  0.030 0.044 0.034 0944 0.830 0.904
(200,200)  0.004 0.001 -0.001  0.021 0.024 0.023  0.940 0.912 0.918

0.9 (50,50) -0.060 -14.137  0.013  0.113 315.845 0.153  0.840  0.604 0.794
(50,100)  -0.030  -0.026 0.003  0.075 0.106 0.097 0.858  0.770 0.794
(50,200)  -0.009  -0.004 0.008  0.051 0.062 0.062 0.926  0.874 0.880
(100,50)  -0.050  -0.056 0.015  0.081 0.238 0.105  0.838  0.626 0.806
(100,100) -0.026  -0.020 0.002  0.056 0.074 0.068  0.842  0.778 0.830
(100,200) -0.013  -0.006 0.001  0.038 0.044 0.043  0.906  0.876 0.884
(200,50) 0.049  -0.046 0.020  0.055 0.117 0.069  0.820  0.648 0.840
(200,100) -0.027 -0.021 0.027  0.041 0.052 0.048  0.794  0.746 0.836
(200,200) -0.013  -0.007 0.001  0.026 0.029 0.030  0.880  0.890 0.870

L=2 Bias Std Coverage Rate (95%)

T (N,T)  B(r) Bave(r)  Bops(7)  B(T)  Bave(r)  Bopi(r)  B(T)  Bave(r)  Bopi(7)

0.25 (50,50) 0.024  -0.011 0.000  0.083 1.037 0.105 0914  0.614 0.878

(50,100) 0.016 0.003 0.001  0.061 0.088 0.073  0.902  0.838 0.862

(50,200) 0.009 0.001 -0.000  0.046 0.055 0.063  0.918  0.862 0.890
(100,50) 0.018 0.005 -0.005  0.061 0.600 0.073  0.940 0.554 0.918
(100,100)  0.012 0.009 0.002  0.041 0.074 0.049  0.948 0.814 0.918
(100,200)  0.003  -0.001 -0.002  0.029 0.034 0.033  0.950 0.916 0.920
(200,50) 0.018 0.034 -0.003  0.044 0.262 0.052  0.926  0.560 0.898
(200,100)  0.010 0.004 0.000  0.030 0.045 0.034 0.942 0.836 0.904
(200,200)  0.004 0.001 -0.001  0.021 0.024 0.023  0.942 0914 0.918

0.9 (50,50) -0.060 -12.934 0.013  0.113 288.685 0.1563  0.838  0.604 0.790
(50,100)  -0.003  -0.026 0.003  0.075 0.106 0.097  0.858  0.766 0.800
(50,200)  -0.009  -0.004 0.008  0.051 0.062 0.062  0.930 0.874 0.882

(100,50)  -0.050  -0.057 0.015  0.081 0.243 0.105 0.840 0.614 0.802

(100,100) -0.026  -0.021 0.002  0.056 0.074 0.068  0.842  0.778 0.830

(100,200) -0.013  -0.006 0.001  0.038 0.044 0.043  0.908  0.880 0.886

(200,50)  -0.049  -0.045 0.020  0.055 0.117 0.069  0.820  0.658 0.838

(200,100) -0.027 -0.021 0.003  0.041 0.052 0.048  0.796  0.750 0.836

(200,200) -0.013  -0.007 0.001  0.026 0.029 0.030  0.880  0.890 0.868

Note: 500 repetitions. DGP: Yy = S1 X511 + B2Xit2 + B3 Xit,3 + i + Vi ft + Xit 1 - €ir, where [B1, B2, B3] =
[1,1,1], a;i ~ Lid N(0,1), 7i ~ i.id N(0,1), fo ~ iid N(0,1), Xsn ~ iid x2(1) + 1, and X = fa; +
M2ift + e2,it, Xit,s = 03 + n3ift + es,i, where 0o;,03;,m2:,m3; ~ 1.i.d N(1,1), ez, e3¢ ~ 1.id N(0,1).
€t =p-€it—1+/1— p?- vy, where vy ~ ii.d N(0,1) and p = 0.2.
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Table 4: Dynamic Models with p = 0.5.

L=1 Bias Std Coverage Rate (95%)

T (NT)  B(T) Bave(m)  Bapi(r)  B() Bave(r)  Bopi(r)  B(T)  Bave(r)  Bopi(7)

0.25 (50,50) 0.026  -0.010 -0.007  0.087  1.141 0.112  0.904  0.544 0.854
(50,100) 0.021 0.009 0.002  0.063  0.088 0.073  0.924  0.844 0.886
(50,200) 0.012 0.005 0.004  0.047  0.056 0.052  0.922  0.880 0.898
(100,50) 0.024 0.005 -0.001  0.062  0.419 0.076  0.930  0.542 0.894
(100,100)  0.017 0.009 0.004 0.042  0.077 0.050  0.940 0.776 0.916
(100,200)  0.005 0.001 -0.001  0.031  0.039 0.036  0.948  0.914 0.916
(200,50) 0.024 0.013 -0.002  0.045  0.290 0.053  0.908  0.508 0.894
(200,100)  0.012 0.006 -0.000  0.032  0.050 0.037 0932  0.794 0.902
(200,200)  0.006 0.003 0.000  0.023  0.027 0.025 0.934  0.880 0.914

0.9 (50,50) -0.076  -0.072 0.013  0.110 0473 0.154 0.824  0.582 0.798
(50,100) -0.040 -0.033 -0.001  0.074  0.099 0.092 0.848  0.788 0.810
(50,200)  -0.012  -0.006 0.005  0.052  0.064 0.062 0916  0.882 0.886
(100,50)  -0.063  -0.050 0.015 0.082 0414 0.107  0.814  0.612 0.814
(100,100) -0.035  -0.030 0.000  0.058  0.083 0.071  0.822  0.774 0.808
(100,200) -0.018  -0.009 0.002  0.039  0.044 0.045 0.876  0.868 0.870
(200,50)  -0.065  -0.065 0.011 0.055  0.151 0.071  0.728  0.584 0.836
(200,100) -0.032  -0.024 0.004  0.040  0.048 0.049 0.786  0.792 0.840
(200,200) -0.015 -0.008 0.002  0.028  0.031 0.031  0.854  0.852 0.856

L=2 Bias Std Coverage Rate (95%)
T (N,T)  B(r) Bave(r)  Beps()  B(T)  Bave(r)  Beps(r)  B(T)  Bave(r)  Bops(7)

0.25 (50,50) 0.026  -0.001 -0.007  0.087  1.120 0.112  0.906  0.522 0.862

(50,100) 0.021 0.008 0.002  0.063  0.091 0.073  0.930  0.842 0.890

(50,200) 0.012 0.005 0.004  0.047  0.057 0.052  0.926  0.886 0.902
(100,50) 0.024 0.006 -0.001  0.062  0.411 0.076  0.938  0.520 0.898
(100,100)  0.017 0.008 0.004 0.042  0.083 0.050  0.940  0.766 0.918
(100,200)  0.005 0.001 -0.001  0.031 0.040 0.036  0.952  0.914 0.916
(200,50) 0.024 0.010 -0.002  0.045  0.312 0.053  0.914  0.508 0.898
(200,100)  0.012 0.005 -0.000  0.032  0.052 0.037  0.934  0.776 0.912
(200,200)  0.006 0.003 0.000  0.023  0.027 0.025 0.936  0.876 0.916

0.9 (50,50) -0.076  -0.073 0.013  0.110 0474 0.154 0.828 0.574 0.804
(50,100)  -0.040  -0.033 -0.001  0.074  0.101 0.092  0.850  0.780 0.814
(50,200)  -0.012  -0.005 0.005  0.052  0.064 0.062  0.877  0.916 0.901

(100,50)  -0.063  -0.049 0.015 0.082  0.461 0.107  0.818  0.616 0.808

(100,100) -0.035  -0.030 0.000  0.058  0.084 0.071  0.824  0.762 0.816

(100,200) -0.018  -0.009 0.002  0.039  0.044 0.045 0.878  0.864 0.870

(200,50)  -0.065  -0.063 0.011 0.055  0.161 0.071  0.736  0.562 0.844

(200,100) -0.032  -0.024 0.004 0.040  0.049 0.049  0.790  0.808 0.844

(200,200) -0.015  -0.008 0.002  0.028  0.031 0.031  0.860  0.856 0.858

Note: 500 repetitions. DGP: Yiy = 1 X1 + B2Xit,2 + B3 Xit,3 + i +vift + Xit,1 - €, where [B1, B2, B3] =
[1,1,1], a; ~ i.i.d N(0,1), 75 ~ i.i.d N(0,1), fi ~ i.i.d N(0,1), Xit,1 ~ iid x*(1) + 1, and X0 = 02 +
N2ift + €2, Xit,s = 03 + n3ift + €3, where 0a;,03;,m2:,m3; ~ ii.d M(1,1), €2, ez, ~ iid N(0,1).
€it = p-€it—1+ /1 — p?- v, where vy ~ ii.d N(0,1) and p = 0.5.
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A  Proof of the Main Resutls

Definitions and Notations

For any random variable W; or Wy, W; = Op(1) means that max;<;<x ||Wi|| = Op(1), and W; = Op(1)
means that maxj;<i<7 |[W|| = Op(1). op(1) is defined similarly. For notational simplicity, we suppress
the dependence of Ao;(7), 5(7) and Bo(7) on 7. Let M > 0 denote a generic bounded constant that does
not depend on N or T.

Define:

T N T
let ﬁa)\zaft SNT(ﬁvA F 1zzpzt ﬂ7>\13ft
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(B Xi, f) Sip(B, M, F) = Z (8, Xis f)
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M’ﬂ

Sir(B,Ai, F) =
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where l(u) = [1 — K(u/h)|u, p-(u) is the check function, and
Lit(By Nis fo) = 1Ya — B'Xie = Nife)s pie(Bs Niy fi) = pr(Yie — B'Xiw — Nifo)

For any random function L(3, A, F') and fixed (3, A, F), define L(3, A, F) = E[L(8, A, F)] and L(3, A, F) =
L(B,A,F) — L(3,A, F). Let 1U)(u) denote the jth order derivative of [, i.e.,

1D () =7 — K(u/h) 4+ k(u/h)u/h, 1P () = 2k(u/h)1/h+ kY (u/h)u/h?,

19 (u) = 3D (u/h)1/h2 + KD (u/h)u/h®, 1D (u) = 4@ (u/h)1/h + S (u/h)u/h*.



Let lgg)(ﬁ,)\i,ft) = 19(Y;y — B Xy — Nify) for j = 1,...,4, and their arguments are dropped when
evaluated at (ﬁ(), )\()7;, f()t)~

Finally, define Ao; = (Hp) " Aos, for = Hofor, Ao = [Mo1, - -+, Aon]’s and Fy = [fo1, .-, for]"-
A.1 Proof of Proposition 1:
Proof. Note that
12z — ToXp, Lol
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First, by Assumption 1(ii), ’

e, — I‘OEfOI‘{)H = O(N~'24T-1/2). Second, by Assumption 1(iii) and
the Cauchy-Schwarz inequality, we have
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It then follows that |3z — ToX, )| = Op(N~Y2 4 T=/2). Third, by matrix perturbation theory
(Hoffman-Wielandt inequality) and the fact that ToX ¢, I') is a matrix with rank r (Assumption 1(ii)), it

can be concluded that pi,...,p, converge in probability to some positive constants, while p,y1,..., ok
are all Op(N~1/2 4 T~1/2). Thus, it follows that

P[f # 1] < P[# < 1]+ P[# > 1] < Plp, < Pyr] + Plprsr > Prr] = 0,

and the desired result follows. O

A.2 Proof of Theorem 1

Lemma 1. Define H = W'T. Under Assumptions 1 and 2, (i) f; = Hfo; + Vey; (i) U 5 ¥, and
H 2 H, = U Ty; (i) H is invertible with probability approaching 1.

Proof. Result (i) follows directly from X; = Tfo; + & and fi = U'X,. Given Assumption 2(1), it
follows from the Bauer-Fike Theorem and |25 — ToX s, Th|| = 0p(1) (see the proof of Proposition 1) that
¥ — Wg|| = op(1). Thus, result (i) follows since |’ — || = o(1) by Assumption 1(ii). Finally, suppose
that rank(Hy) < r, and let D be the diagonal matrix with the eigenvalues of I'0X,I'j as the diagonal



elements, then rank(D) = rank(ViI'X s, I'4¥) = rank(HoX s, Hj)) < rank(Hy) < 7, which contradicts
with Assumption 1(ii). Thus, we have rank(Hg) = r and result (iii) follows from H = Hy 4+ op(1). [

Proof of Theorem 1
Proof. Step 1: By Lemma 1, we have

T T .
1 PO 1 L R . X
f; ||ft_f0t||2 < fz||ft—Hf0tH2+M||H0—HH2 < ﬁ; ||\/Nét||2+0p(1) —0p <N) +op(l),

t=1

Step 2: Adding and subtracting terms, we can write

SNT(B7A7F) = (SNT(ﬁvA’F) - 7VT(/6’A>F)) + (S*NT(B’A’ F) - *NT(B7A7F0)) +S*NT(5’A’ FO)

By the definition of the estimators, SNT(B, A, F) < Sn7(Bo, Ao, 13') Thus, we have

N (B, A, Fo)—Sxr(Bo, Ao, Fo) < [Snt(Bo, Mo, F) =Sk (Bo, Ao, F)+[Ska (8o, Ao, F)—Skr(Bo, Ao, Fo)]
— [Snr(B, A F) = Sxr(B, A, )] — [Skr(B, A, F) — Syr(B, A, Fy)). (A1)

Step 3: Let § be a positive number close to 0. Define Bs; = {8 € B, A\i € A : ||8—Boll1 4N — Noiln < 6}
Consider any (8, \;) € Bgfi. Let m = ||8—Bolli 4 ||A: = Xoill1 > 8, then (3, ;) = (8, M)d/m+ (Bo, Aoi)(1—
d/m) is on the boundary of Bs;. Note that given X;; and f;, the check function p;; is convex in (5, A;).
Thus,

§/m - pic(By Miy for) + (1 — 8/m) - pir(Bos Mois for) > pit(By M, for),

and it follows that

pit (B, Ni, for) — pit(Bos Nois for) > m/d - {pit(ga Niy for) — Pit(ﬂojonfm)}

and

NT(ﬁaAa FO) - S?\[T(ﬁOaAOv FO) 2 S?\/T(ﬁa‘/_xvﬁb) - S?\’T(ﬁoa ]\07 FO)
it (B,\) € Bgi for all 3.
Write

NT(B?ILFO) - S?\/T(BO& AO? FO) = S?\/T(ijxa FO) - S*NT(507A07}?‘0) + g}k\/T(Bv‘f\v Z3‘0) - S?VT(ﬂO; ]\Oa FO)



First, by Taylor expansion p;(8, A, fOt) around (S, 5\0¢) of we have

T
L 1 -
N (B, A, Fo) = Sir(Bo, Ao, Fo) = = NT Z pit(B, Xis for) — it (Bos Aai, for)

i=1 t=1

N T
¥ 2l (=) GZE (01i) VW/A) (B o). (s = do) +o(6?)
=1 t=1
Z oi7 +0(6%) > 9(52 (A.2)

by Assumption 2(iii). Second, we have

S 6,[\,F S 151 ,A , F{ max sup
nr( ) = Sir(Bo, Ao, Fo)| < B ST

T
Z {pzt B, Mi, fot) ﬁit(ﬁo,;\onfm)u (A.3)

Step 4: || — Bolly > 6 implies that (5, ;) € Bg’:i for all 4. It then follows from (A.1), (A.2) and (A.3)
that for small § > 0, there exists an € > 0 (depending on ¢§) such that

P(||3 = Bolh > 6] < P

sup_|Snr (8,4, F) = Sir(8,A, F)| > 1/361
BN F

+P| swp [Skr(8, A F) = Sir (8 A, Fo)| > 1/361
B,Ai€A
T
Ploe o 12{~‘(5>\‘f)—~'(/3 ;\'f)} >1/3¢|. (A4)
+ 1<z<N(ﬁ)\)£BS T Pit(P; Ais Jot Pit\Pos Aois Jot . .
il =1

The first term on the right-hand side of (A.4) is o(1) because it is easy to show that!:
sup [Swr (8, A, F) = Sir (8,4, F)| S b
BAF

and h — 0 as N,T — oo. The second term on the right-hand side of (A.4) is o(1) since by the result of
Step 1 and Assumption 2(ii),

!

Mﬂ

sup S, (8,A, F) — B, A\, F, max  sup
BAi€A v ) v )| = I<G<N g A, e A

B )\uft Z BaAzafOt

T
S\J Z”ft f0t||2:0P(1)-

Finally, for the consistency of 8, it remains to show that the third term on the right-hand side of (A.4)

INote that [l(u) — p(u)| = |(r — 1{u < 0})u — (r = K(u/h))ul < |ul - |1{u < 0} = K (u/h)| < [u - 1{|u| < h} S h.



is 0(1). By the union bound, it suffices to show that for all

P sup

(B,\i)EBs.,;

T
% Z {ﬁit(ﬂa Ais for) — pit(Bo, Moi .];Ot)}
=1

> 1/361 =o(N71). (A.5)

Step 5: Write 6; = (8',\])’, and 6; = (84, \y,)'- Define At (6;) = pis(B, Ai, for) — pir(Bo, Aoi, for). Note
that there exists C1,Cy > 0 such that [A;(62) — A (02)] < C1- |8 = B | Xie || + Ca - || A — Ab||. Suppose
that there exists Mx > 0 such that E|| X;;|| < Mx for all 4, (see Assumption 2(v)).

Since Bgs,; is compact, for any n > 0, there exists a positive integer L and a maximal set of points
91(1), . .,HZ(L) in Bjs,; such that ||9§k) — HEJ)H > n for any k # j. For any 6; € Bs;, let 6 = {GZ(J) 1< <
L,|6; — 91@” < n}. Then,

. Z {pzt B, Xis for) = pir(Bos Aoi fOt)} = %Z [Aie(6:) — E(Ai(6:))]

t:l t=1

1 ) 1 T
Z it(07) — E(Au(07)] + T Z [As(0)) — Au(07) — (A (0;) — A (07))],
o= t=1
and
1 1 T 0 "
o2 | 2 [Pt 0 o) = o o ]| < i, T;[An(@- )~ B(Au (0] >>}‘
= i i(07) —E(A (0 Ay (0
- th::l t(80) = B (0) — E(Rue(67) = Al ))}'
Note that
T
b2l i — A Gb —E(A;(0F) — A; Qb
e | <n TZ:: 8 t(07) = E(Ru(67) = Aul z)ﬂ‘

T

1

< Cin (T > (Xl - EHXit)) +2(C2 + C1 Mx)n,
=1

it then follows from the previous two inequalities that

T
1 ~ -
P sup Z [pzt B, i, for) pit(ﬁOM\Oia.fOt)} > 1/361
(B,\i)€Bs,i t:l
. 1 () ()
<P (|52 [Au(0) B (0))] | = 1/9¢
j=1 t=1
1 T
+P|Cin TZ(HX“H—]EHXZ-tH) > 1/9¢| + P [2(Co + C1Mx )y > 1/9¢] . (A.6)
t=1




First, choosing 1 < ¢/(18(C2 + C1Mx)), the last term on the right-hand side of (A.6) is 0.

Second, for any 0; € Bs;, E[A;(0;)]>™ 7 < M -E[|X;[|*™ " + O(1) < oo by Assumption 2(v). Thus,
by Assumption 2(iv) and Theorem 3 of Yoshihara (1978) we have

T 2m
E\TY?Y [Ait(egﬂ) - E(A,-t(egj)))] <M,
t=1
and by Markov’s inequality,
1 ) ©) “m
— . S - . - > = .
Pllr [20(07) ~E(2u(0)]| 2 1/9¢| = O(T™)

Finally, we can show that the second term on the right-hand side of (A.6) is O(T~™) in a similar way.
Thus, (A.5) follows since N/T™ — 0 by Assumption 2(vi). This completes the proof. O

A.3 Proof of Theorem 2
To simplify the notations, write for = I:IfOt and A\o; = (PAI')_I)\(M.

Lemma 2. Under Assumptions 1 to 4,

(i) TV I fe = forll = Op(NTY2), TE0 Ife = forl> = Op(NTY), T2 1y = forl® =
Op(N=2), TV || fe = foill* = Op(N72).

(ii) TV I fe = forll = Op(N7V2), T-VSS L |Ife = foil> = Op(N7Y), TV 1 fe = foul® =
Op(N=3/2), T=V S0 Ify — foellt = Op(N~2).

(iii) maxi<i<r || fr = for| = Op (Vg T/VN) and maxi<i<r || fi = foi|l = Op(VIog T/VN).

Proof. By the properties of L, norms in the Euclidean space, it suffices to prove that 71 Zthl | fi—
forll* = Op(N—2) and T! Ethl I f: = forl* = Op(N~2). Note that Assumption 3(iv) implies that

{e1t,...,ent} is independent across i and ||e;|| < M for all 4,¢. Thus,

4 N 2 N
1 1
E|[vVNe || = E < (N ZEIIeu||2> + 573 2 Elleull* = (1),
i=1 i=1

1 N
LS.
VN 2

and by Lemma 1

T
1 _ _
o O IVNe|t = 0p(N )
t=1

T
1 A . N
=D Fadlt <
t=1
Moreover, T~ ST |Ifi = foell* < TS50, 1 fe — forl|* + C|IH — Hol|*. Then result (ii) follows if we
can show that |[H — Hy|| = Op(N~1/2).

By definition, HI:I—HOH < OP(H\i]—\I/0||)+OP(HF—F0||>. By the proof of Proposition 1 and Lemma 1
we have | U —Wo|| < |2z —T0oX s, Thll = Op(N~Y/24T=1/2). Then the result (ii) follows from Assumption
1(ii) and the fact that N < T.

Finally, note that maxi<;<7r ||ff — fOtH < Op(1) - maxi<i<r ||&]. For 1 < h <r, by the Hoeffding’s



inequality, we have P[V/N|é| > ¢] < exp(—c?/C) for some constant C. Thus, it follows from Lemma
2.2.1 and Lemma 2.2.2 of van der Vaart and Wellner (1996) that E[max;<;<7 V'N|éw|] = O(v/IogT).
Thus, result (iii) follows since |[H — Hy|| = op(T~1/2). O

Lemma 3. Under Assumptions 1 to 4, maxi<i<n 1A — Aos|| = op(1).

Proof. Recall that Noi = (Hy) " Mos, fOt = Hy fo;- By the definition of the estimators we have Si7T(B, 5\1', F) <
SLT(B, \ois F) for each ¢. Note that

Si,r (B, Ais F) = S;1(Bo, Miy Fo) + (Sir (B, Miy F) = Sip(B, X, F)) + (S;r(8, Ais F) — S 1(Bos Ais Fo)).
Thus, SLT(&S\ F‘) <S; T(B, Nois ) implies that

S 1(Bos Air Fo) =St (Bos Mois Fo) < (Sir (B, Aois F) =S (8, Aois )+ (S 1(8, oir F) =S (B0, Ao, Fo))
— (Sir (B, Aoir F) = St0(B, Mois ) = (S5 2(B, Aois F) = S;0(Bos Aois Fb)). - (A7)

Similar to the proof of Theorem 1, for small § > 0, define Bs; = {\; € A : ||A\; — Aoi|| < &}. For any
Xi € BS;, let m = ||A; — Aggl| > 0. Then A; = A; - §/m + Ag; - (1 — 6/m) is on the boundary of By, i.e.,

|\ — S\OiH = §. Given 8y and fy, the check function is convex in )\;, thus

/m - pit(Bo, Mis for) + (1 = 8/m) - piz(Bo, Moi» for) > pit(Bo, Mis for)s

and it follows that
pit(Bos iy for) — pit(Bo, Moz for) = m/6 - (Pit(ﬁo, Xi, for) = pit(Bo, Mois fm)) :

Note that pi (8o, Ais for)—pit (Bos Mois for) = pit(Bos Ny for)—pit(Bos Mois for)+it(Bos Mis for)—pit (Bos Mois for)s
and

Dit(Bos Ni» for) — Dt (Bos Mois for) > (N — Aoi)’ ( it(o)fOtf6t> (A — Xoi) + 0(6%).
Thus, if ||[A; — Aos|| > &, by Assumption 3(ii)

T

S; (80> Ais Fo) — S5 (8o, Moi, Fo) = Z[Pzt Bo, Aiy for) — Pit(BOaS‘OiafOt)}

T T
> (A — Aoy’ ( Z fOtf0t> (A = Aoi) + 0(6%) +m /s Z{pzt Bos M, for) - ﬁit(ﬂOvS\Oivat)}
- i
> C6° +m/s - Z { (Bos Mi» for) — pzt(ﬂ07/\017f0t):| ;
r=

where j\, is between \o; and \; and is on the boundary of Bj;. Thus, it follows from (A.7) that there



exists some € > 0 (depending on d) such that

o — o <
P [ max I Am||>6}_P

12174855\7[:)1;1}7)F|SLT(B7)\“F) - ;,T(Bv)\iaF” > 6]

+ P { max sup

s sup [S5 (3. A F) ~ 82\ o) >

+P

ng(BOa)\iaFO) - ng(Bm)\i?F‘O)‘ > €. (AS)

max  sup
1<i<N X\;€Bs,;

Similar to the proof of Theorem 1, it can be shown that the first and last term on the right-hand side of
(A.8) are both o(1). It remains to show that the second term is o(1).

By the property of the check function, we have

T T
* 2 r- * I ) 1 1 ¢ 3
max sup (S (8, i, F) — i,T(ﬂoJ\mFo)‘ S B = Boll - <1f<ﬂia<>§v T > ||Xit||> t5 S Ife = forl-
- t=1 t=1

1<i<N ;€A
It then follows from Assumption 3(iii), |3 — ol = op(1) and Lemma 2(ii) that

max sup
1<i<N )\, eA

SZT(B7 A, F) — S; (8o, )\mﬁb)‘ =op(1).

This implies that the second term on the right-hand side of (A.8) is o(1). The desired result follows by
noting that max; Ao — Aoill < Op(1) - |[H — Hol| = op(1). O

Lemma 4. Under Assumptions 1 to 4, || — Bol| = op(max; || A — Xoil|) + op(1/V/T).
Proof. Step 1: Define the following notations:

Sﬁ(67AaF) = aSNT(/BaA7F)/8/Ba S)\(/67AaF) = 8SNT(/8aA7F)/aA7
—_———— —_———

pXx1 Nrx1

S (B, A, F) = 8*Snr(B,A, F) /8BS,  SPN (B, A, F) = 8*Snr(B, A, F)/OBIN.
— ——

pXp pXNr

The other functions such as S?/' (8, A, F), S™ (8, A, F), SM' (B, A, F), SP%'fen (8, A, F) are defined in a
similar fashion. The arguments of these functions are dropped when they are evaluated at (8, A, F) =
(60, Ao, Fo), Where /v\o = (}\01, ey 5\0]\])/, F() = (f()l, ceey .]EOT), (recall that fOt = I:If()t and XOi = (I:I,)il/\m’).

Expanding SJ%T(B,/A\, F) and S]){,T(B,f\,]:—') around (fy, Ag, F) up to the third order gives:
0=5%(8, A, F) = 57 + 5% (5 — o) + S (A — Ro) + 7' (F — Fy) + 1/2R° (8", A", F*),  (A.9)

0 =SB, A, F) = 8 + S (B — o) + S (A — Ro) + SN (F — Fy) + 1/2RN(B*, A", F*),  (A.10)



where (8, A*, F*) is between (8o, Ao, Fy) and (B,A,F), and

RP(B*, A", F*) =

stﬁk (B — Bor) (B — Bo) +ZSﬁ’\ P4 (Br — Bor) (A +zsﬁfﬁ’“ (B — Box) (F — Fy)
k=1 k=1 k=1
N r , R _ R N r , R . . 5 N r , R B R 5
+) Y SR =Aoin) (B=Bo)+ D Y SN (Nin—=Aoin) (A=Ro)+D Y~ SHm (M= oin) (F—Fp)
i=1 h=1 i=1 h=1 i=1 h=1
+ZZSW T (fun—forn) (B—Bo) +ZZS[3’\ T (fun—foun) +Zzsﬁf T (fun—forn) (F—=Fp),
=1 h=1 =1 h=1 =1 h=1
(A11)
RMNB*, A", F*) =
D p p
> S (B = Bow) (B = o) + D 82V (B — Bow) (A — Ao) + D S (Bi — Bo) (F — Fo)
k=1 k=1 k=1
N r , ) 5 ) N r , R 5 R N r , ) B R
+Z Z S Ain (Aih*AOi,h)(ﬂfﬁo)JrZ Z SN Ain (/\ih*)\Oz‘,h)(A*/v\o)JrZ Z SMXin (N —Xoin) (F—Fp)
i=1 h=1 i=1 h=1 i=1 h=1
T r , R 5 ) T r , R 5 R B T r , ) 5 ) 5
+Y D S (fu=forn) (B—=Bo)+Y Y ST (fon—forn) A=Ro)+D D S (fin—forn) (F—Fp),
t=1 h=1 t=1 h=1 t=1 h=1
(A.12)

where the asterisk in the subscript of the functions means that these functions are evaluated at (8*, A*, F*).

Define S = §A _GAN' GBN — gBN' _GBN' where §AN = N~ (Z4,...,EN), S = N=1diag(Qy,...,0n),
and =; = =, H', Q; = HQ,H'. Recall that

1 T 1 T
= ZE it 0|th it]f6t> Qz = Zfit(o)f()tf(gt'
t:l

Then (A.9) can be written as

0=25°7+ 8% (8 - Bo) + SN (A — Ro) + SPV (A — Ao) + S/ (F — Fy) + 1/2R%(8*, A", F*), (A.13)

and (A.10) can be written as

0=25"+S5(B—B)+ (A —Ag) + S (A = Ao) + SM'(F — Fy) + 1/2RNB*, A*, F*).  (A.14)



Plugging (A.14) into (A.13) gives

[ = SN (SM) TSN (B — ) =
_ [Sﬁ _ gﬁx(gxx)ﬂs,\} _ [Sﬁf’ _ gm/(gx/\’)ASAf’] (p _ Fo) _ gAY _ gﬁ,\’(gz\,\’)qu,\’] (A _ Ao)

—1/2 [Rﬁ(ﬂ*,A*,F*) - S*BA’(SW)*R*(W,A*,F*)} . (A.15)

Step 2: The term S — §AN (SM)=1678" can be written as
g88 _ SﬁA’(gA/\’)—lgw’ + BB _ gﬁ,\’(g,\,\’)qgw"

where §88" = (NT)"2 SN S°T E[fi(01X3) Xir XJ,], S = (S5Y)'. Note that

N T N T
= / = !, = I _1 = ’ 1 e —_ 1
S’gﬁ — SB)\ (S)\A ) 15)\5 = ﬁ E E zt O|th Zth{t - 1 1_4; = ﬁ E E E zt Olet Zthz/t}

i=1 t=1 i=1 t=1

Next, we show that S — §FN (SM)=1876" — 55(1). Write

N T N T
=54 1 1
S0 = NT > (lz(tQ)Xith{t — B[ X X)) ) NT > ( XX, - E[fit(0|Xit)XitX{t])
i=1 t=1 i=1 t=1
where the second term on the right-side of the above equation is O(h?) = o(1) by Lemma S1, and for the

first term, by Assumption 3(iv) we have

2 2

1 N T
E|| 7 2o 2 (10 Xax, — BN X0 X))

=1 t=1

N T
1 1 1 2) / 2) /
<oyo DE > b (1 XX}, - B X X]
T Th® N&T VT & (“f oXie ~Elly X ”D

By Lemma S1 and Assumption 3(iii), ||h~l§752) X X% || < M almost surely. Thus, it follows from the mixing
property (Assumption 2(iv)), the fact that Th? — oo (Assumption 3(vii)) and Theorem 3 of Yoshihara
(1978) that the right-hand side of the above inequality is o(1). Thus, we have $%%" = op(1). Similarly,
we can show that $PA (SM) =182 = op(1). Therefore, it follows that

N T
’ — !’ = ’ ’ 1
SBBT AN (S TLGA — WZZE (01 Xit) Zis Z1]) + op(1) = A + op(1). (A.16)

i=1 t=1
Step 3: S8 — 58N (SM)~18* can be written as

1 N T 1 N T 1 N T
7TZZI(I)Z”:7WZZ(Z(1)Z“ ()th)iﬁZZEl(l)Z

i=1 t=1 i=1 t=1

By Lemma S1 and Assumption 3(vii), (NT ZZ 1 Zt 1 [l(1 Zit] = o(h9) = o(T~'/?). Similar to the
proof of (A.53) below, the first term on the right-hand side of the above equation is Op(1/vVNT) =

10



op(T~1/?). Thus, we have
§P — GON(SMN)TIGA = op(1/VT). (A.17)

Step 4: By Lemma 8 below

[SP7 — 58X (W) L8N \(F — Fy) = op(1/VT). (A.18)

Step 5: Now consider the term: [SBX - Sﬁx(S'M')’lg)‘)‘/] (A — Ap). Write

L N1 & OO
S'BA A A Z( Z )thfot Hi)H(Ai)‘Oi)'

t=1

By the Cauchy-Schwarz inequality, we have

EE RS

Note that by Lemma S1,

2

Zl”)anst — 5| 1A = Aol /VA.

T 2

1 —
= 21D Xafsy —E

T
L3 (19 %0~ BIDX) S+

o133

H \

i( 167X ] — Elfie(01Xi0) Xat]) fir

2

+o(1)

’ﬂ \

and by the mixing property and Theorem 3 of Yoshihara (1978) the first term on the right hand side of
the above inequality is O(1/(Th?)) = o(1). Thus, it follows that

[ (& - Ao) | = 0p(1) - 1A — Roll/ V.

Similarly, we can show that [|S#A (SM)="18M (A — Ag)|| = op(1) - |A — Ao||/v/N, and conclude that

H (SW’ . SW’(SM’)*SM’) (A - AO)H — op(1) - |A — Aol /VN. (A.19)

Step 6: We will show that:
R(8*, A", F*) = op(||A — Ko || /VN) + 0p(||3 = Bol)) + op(1/VT), (A.20)
SN (SN TLRN(B* A", ) = op(|[A — Kol /VN) + op (|13 — Boll) + 0p(1/VT). (A.21)
To save space, we focus on (A.20), which follows from Results 1 to 9 below. The proof of (A.21) is similar.
Result 1: 5777 (B, — o) (B — Bo) = op (|8 — Boll)-

11



Observe that:

N T
S99 (B~ B0k) (3 — o) = — 55 D SIS B A S X Xl X (B — o) (B — o),
=1 t=1

1S28" B By — Bow) (B — Bo)ll < 1B — Boll? -

1 N T
TZZZ ’ 17 )thX Xit,k .

=1 t=1

Expanding lzt (8%, A3, fF) around (B8*, A, fOt) gives

1 N T
7 D YD (BN ) X X X

=1 t=1

~.
~

T N T
1 * ** 1
=NT SN U (B N8 1) X Xy X o AL (7 — Jor) + NT > ZE (B, Xis for) Xit X[, Xiv k)| g=p+ xe=:
=1 t=1 i=1 t=1
N T
1 s ]
+NT >3 {ZS) (B, A%, for) Xae Xy Xk — B (B, A, for) Xit Xy Xt k]l g=p~ xi=n: | - (A.22)

1t

i 1

where f;* is between ft and fo;. By Lemma S1, the second term on the right hand side of (A.22) is
(NT)~ ZZ 1 Zt 1 [ ( | Xit) Xit X[, Xt k] + O(h97™1) = O(1), and the first term is bounded by

T N T
1 * r 1 4 * ** *
TZIIft _fOt”z'ﬁZZl( AL FE))? 'HXit”G'||)‘i||2:OP(1/VTh6> =op(1),
t=1 i=1 t=1

since we have |ll(f)()| < 1/h% by Lemma S1 and T} Zle If* = foel> < T71 ZZ;I Ife = foell? =
Op(N~Y) = Op(T~1) by Lemma 2 and Assumption 3(vii). Finally, with probability approaching 1, the
last term on the right hand side of (A.22) is bounded by N1 Zivzl Z;, where

Z; = sup
(B,X\i)EBs,;

’ﬂ \

T
Z (U208, A, For) Xu Xy X = B (8, Mis fou) Xan Xy X ] H

and Bs; is a neighbourhood of (o, :\Oi). Then Result 1 follows if we can show that maxi <<y E[Z;] < c0.

@ ,GEL) be a maximal set of points in Bs,; such that ||9§j) - 91@” > ¢ for

For any € > 0, let 6,
any j # l. It is well know that L, the packing number of a Euclidean ball, is bounded (up to a positive

constant that only depends on p + 1) by (1/€)P*". Thus, we have

1
< .
B2 < VThA [1<J<L

+0(e/h%),

Z P2 [ (89, A9, for) X Xty X = IS (B, A7, for) Xiu X, X ] ’

where we have used that fact that |l(3 (BN, for) — 1 3)(ﬂb, A2 for)l S (1B — 8P| + | A2 — A%[|)/h3. Note
that h2l§f )(5, Ais fOt) Xt X/, Xt e is uniformly bounded (almost surely) by Lemma S1 and Assumption
3(iii). Thus, by Lemma 2.2.2 of van der Vaart and Wellner (1996) and Theorem 3 of Yoshihara (1978),
for any J > 2, the first term on right hand side of the above inequality is bounded (up to a positive

12



constant) by L'/ /v/Th*. Choosing € = 1/v/T, we have

p+r
EZ. < C T;J + L
‘e VTh:  ThS

for some positive constant C. Since J is arbitrary, we can choose J > (p + 7)/(2¢) (c is defined
in Assumption 3(iii)) it follows that T'7 /VTh* = o(/ThS). Then from Assumption 3(iii) we have

maxi<;<n E[Z;] < oo and the desired result follows.

Result 2: S2% (8, — Bor) (A — Ro) = 0p(||3 = Bol)-
We have

1S2X % (B, — Bor)(A —

N T
Z < Z (3) 5*, i ft )thth kft )(5‘1 - 5\07‘)(3 - 50)

N T
~ N . 1 1
é||ﬁ—ﬁo||-g;%<||Ai—A0i||-NZ; TZ! LD X X f?
1=

Note that

T
1 * %/ e
Tzlz(tg)(ﬂa A FO XX n = Zln (B, A7, for) Xt X fou+

t=1

TZI(‘” AL ) Xt X o (fF = for)' TZz(‘” N B X Xk P () (FF = for),

where f;* is between f;" and fOt. Using Lemma S1, Lemma 2, Assumption 3(iii) and the Cauchy-
Schwarz inequality, we can show that the last two terms on right-hand side of the above inequality is
Op(1/V/NhS) = Op(1/VThS) = 6p(1). For the first term on right-hand side of the above inequality,
with probability approaching 1, we have

T
Z ED (8" AL, for) Xt Xt foy

N

1
+ = sup
N ; 0,€Bs.;

NT ZZ HE {l(g (8, \i, for) tiit,kf(gt} |8=8* A=A

=1 t=1

T
Z <Z(3 (B Ny for) Xt Xiep for — E [ZS’) (B, Ai, fOt)XitXit,kfétDH

1N
vl

The first term on the right-hand side of the above inequality is O(1) by Lemma S1. Similar to the proof
of Result 1, The second term on the right-hand side of the above inequality can be shown to be op(1).

Thus, we have

T
Zl(?’)ﬁ N DX Xaw 7 || = 0p(1),

1N
v

and the result follows from uniform consistency of ;.

’ﬂ \

13



Result 3: S (8, — Bor)(F — Fy) = op (|8 — Bol))-
Note that by Lemma 2,

1855 55 (B — Bow)(F — Fy)|

< 1B = Boll- TZ<NZZ Xt Xit o Aj )(ft—f()t)
A L N o,
< 18— Poll- ZHft Jorl? - 5pp D2 D e (B A7 F )12 - 1Xell* - 127112
=1 t=1

18— Boll - OP(l/V Nh4) = op(]|3 = Bol),

because by Lemma S1, h?[; 3)(ﬁ, Ai, f¢) is uniformly bounded, and Nh* — oo by Assumption 3(vii).
Result 4: 377, 37,y S (Rin — 20i.4) (B — o) = 0p (11 — fol))-

Observe that for each h < r,

N
Z SO N (N, — Roin) (B — Bo) = Z ih — Aoi,n) < Zl(g) itX{tffh) (B = Bo),
i=1 i=1
SO
SO0 (G — S (B — )| < 13— ol max | — Aol 1 Zl“” JXaXio S
=1
which can be shown to be op(||3 — So|), similar to the proof of Result 2.
Result 5: 3, S0 S22 (fun — forn) (B — Bo) = op([|B — Bol))-
The proof is similar to Result 3. For each h < r, we have
T 1 T N
Zsﬂﬁfth(fth_fmh thh_fOth (NZZEE)(B ’ zaft) ti *)
t=1 t:l =1

SO

ZSHB Fon ( fth — for.n)

t=1 i=1 t=1

J ant ull S SO A SR Kl I

which is Op(1/vTh*). So Result 5 follows.

14



Result 6: S0 S, SN (S, = Xo.an) (B = Fy) = op(||A = Al /VN).

Write:
N 1 N T o o
53 S8 (o) (P Fo) = 7 2 2 =l (B N I XN J7 )i =200) (Fe=Too)-
i=1 h=1 i=1 t=1

Thus, by the Cauchy-Schwarz inequality, Lemma 2 and Lemma S1

T

N
ZZSW it (Agg, — Aoin) (B — Fp)
i=1 h=

$ Z\ft forl? - NT

= =1 t=1

= A= Roll/VN-Op(1/VNRY),

< [IA = Roll/VN -

2
SN )X = 1 (8%, 08, 1) XN 7]

so the result follows by Assumption 3(vii).
Result 7: Y0 7 570y SO (fun — forn) (A = Ag) = op(|A = Aol /VN).
The proof is similar to the proof the Result 6.

Result 8 YN S SEN N (R = Xo.an) (A = Ro) = op(||A = Aol /VD).

Note that for each h < r, we have

N
’ N . N 1 A o
SEN N (R — Aoin) (A — Ag) = l( N5 FOXa () i (in — Roin) (i — Aoa),
> ,
=1 =1 t=1
by Lemma 3
N R R N
ZIS*B)\ Ain ()\ih_>\0i,h)( —AO) < Iingajsfi ||)\Z—)\01|| Z <||)\z — >\07.|| . H let ﬂ*, zv ztft fth )
Ny L 2
3
< op(1)- A~ Aol /VN Z T U BN DX (£
T
Thus, it remains to show that
L T 2
3 *
o fz LD (B N £ Xu(F) ]| = 0p (D). (A.23)
i=1 t=1

15



First, write

I NSO Xa 1) Fi = U8 N ) X Fon) Ton + 158" Ne £ X () T = (on) Fon)
Zlif)(/@7 AL, for) X (for) fOth_Z(4)(Bv ALY (= for) Xae(for) fon
1D B A £ X (57 £ = (For) Foan)

thus, by the Cauchy-Schwarz inequality,

| X T 2 L T P
2|7 Z U (BN DX 57 F <y TZ U (8% AT o) X For) Foun
i=1 t=1 i=1 t=1

T 1 N T

Z O S = o) Fonll? - 5 D2 D0 I (B 05 1) X

t=1 i=1 t=1

1 N T ~ ~
+TZ||ft Foll? - 5 2 ST X0 £ X o) Foan”
t=1 z:l t=1

The last two terms on the right-hand side of the above inequality are both op(1) by Lemma 2 and
Lemma S1. For the first term on the right-hand side of the above inequality, by Assumption 3(iii), with
probability approaching 1,

2
2
+

N T
1 I
N ’5—1 Eﬁ U8, N5, Joo) Xt (for) fo.en SHll,i«XHE[git(/B;)\i)|,8:6*,>\i:/\j]

1 N
— sup
N ; 0;€Bs,;

)

Z gun(B. ) — Elgin(, 1)

where g;+(8,A\;) = lg’) (B, \i, fOt)Xit(fOt)’f07th. The first term on the right-hand side of the above inequal-
ity is O(1) by Lemma S1. Thus, to prove (A.23), it suffices to show that

T 2
1
E — i (B, N) — Elgi (B, \; =0(1).
2B s |l ; (9(B.X) = Elga (8. )| | =0(1)
Similar to the proof of Result 1, for any € > 0, let 951), ceey HEL) be a maximal set of points in Bs; such

that ||0§j) — 9§l)|| > e for any j # [. Thus, for some constants C7,Cy > 0, we have

T 2
1
E| sup |+ it(B,Ai) — Elgie (B, Ai
) T;:l (9i¢(B, M) — Elgae (B, M)])
1 1 2 () (@) G) (@) i 2726 L’ 2726
< R _ . J > - . J N =
< Cugg® |y | = D (9:(89, A7) = Elgan (89 ADN))|| | +Cae?/h o(W +e/h>

16



for any J > 1. Choosing ¢ = 1/v/T and J > (p +r)/(4c), then we have

VI T(p+r)/(27) 1 T2

This completes the proof of Result 8.

Result 9: S0 SV ST (f = foun)(F = o) = op(1/V/T).
For each h < r, we have

N
Zsﬂf T (fon = forn)(F — Fo) = Lzzlftg) BN )Xt ) N (fin = forn) (fr = for),

)

=t =1 t=1
so by Assumption 3(iii), Lemma 2 and Lemma S1,
1 1«
c e ,
Sia T; 1fe = foell” = Op(l/Nh )

T

Z Sff/fth(fth — forn)(F — Ep)

t=1

Zz<3><5, N XN N

i=1

Nl

<

T ~
Z(Hft Foull?- ’

t=1

Then the result follows since Op (1/Nh2) Op (

Q.

fhz’) and Assumption 3(vii) implies that vV Nh? —

Step 7: It follows from (A.15) to (A.21) that:

A(B = fo) = or(lB = Boll) + or(IIA = Aol /VN) +op(1/VT),

then the desired result follows from the assumption that A is positive definite and the fact that ||A —
Aoll/VN < max; [[A; — Aoi|- O

Lemma 5. Under Assumptions 1 to 4, there exists 0 < v < 1/6 — ¢ (where c is defined in Assumption
3(vii)) such that max;<i<n ||Ai — Aos|| = Op(1/TV/277) .

17



Proof. Expanding the first order condition: 71 Zt 1l (B Ais fo) fe = 0 gives:

T
( Zzn fort=— Zln +—for) ——Zz<2 Fel X}, (B—Bo)] < ;Zln fOtf0t> —Xoi)

t=1
(12153 (o — Jon) f0t>< i) - GZZE? (i - foa)Awos Zl(‘” s+ (X8 = o))
1 s o 1 & 5 o ) .
o SSUD ) X8~ o)l 1Y O = Ko + g S D )+ X003 = o)) 15 (Fe = o)
T T
2 S DA A oo MUY Cam Ao 1055 S D18 () fel ) o For) 4057 Zl(‘” AU R

Step 1: Let M be a generic bounded constant. By Lemma S1,

[H[ + O(n?).

Zz for

Since, {ll(t1 ) fot} is uniformly bounded, by the mixing property of u;; and Theorem 3 of Yoshihara (1978),

for any J > 2 we have E HT‘l/2 ZZ 1 l(l fOtH < M and it follows from Lemma 2.2.2 of van der Vaart
and Wellner (1996) that

= Op(NY7NT) = Op(1/TV/?71/7),

szfm

Choosing J large enough such that v =1/J < 1/6 — ¢, we have

1<i<N

= Op(1/T*7) (A.24)

max
1<i<N

1 (1)
sz for
Tt

since O(h?) = o(T~1') by Assumption 3(vii).

Step 2: By Lemma S1, ll(t1 ) is uniformly bounded, so it follows from Lemma 2 that

T

7 UG- o)

t=1

max
1<i<N

< 0p(1 ant forl = Op(N7Y2) = Op(T71/?). (A.25)

Step 3: Note that:

<18~ Boll - max

Z lzt fOtX

Zz@)ft [X4,(8 — Bo)]

Zz 'fx,

1<i<N

<18 - Boll - A - max + 118 = Boll - max

1<i<N

T
Z fOt Xilt

18



First, by Assumption 3(iii), Lemma 2 and Lemma S1, we have

ZW> ~ foX

Second, by Lemma S1,

1<i<N

T
< Op(h Z Ife = forll = Op(1/(VNR)) = 0p(1).

max
1<i<N

+0(1).

1 T
7 2l o Xl
t=1

T
1
ﬁ Z h ( (2)f0tX [ll(tz)fOth(t])
t=1

— + Inax
ThH2 1<i<N

Since ||hlzt) fotX[;|| is uniformly bounded by Assumption 3(iii) and Lemma S1, it follows from Theorem
3 of Yoshihara (1978) that

4

(lz(tZ)fOth(t - E[lz(tZ)fOtXi/t]) <M,

and then it follows from Lemma 2.2.2 of van der Vaart and Wellner (1996) that

1
max

VThZ 1<i<N

T
1
Nos dh (lz(tQ)fOth(t - E[ZE?)fOth(t])
t=1

’ = Op(NY*/VTh2) = 0p(1).
Thus, it can be concluded that

max
1<i<N

TZW (5 = o)

|—Op(||5’—ﬁo)- (A.26)

Step 4: By the definition of €;, we have

< 1M max | 7

max

1<i<N ' max, [ Ai—Xoill-

1 & . d
<Q _le fOtht) Ai — Aoi) Z 0)) for for

Similar to the proof of Step 3, we can show that

T
max, Z: 0)) forfor|| = op(1),
thus it follows that
1 T
. ” .
max <Qi— T;% for f0t>( ~ Xoi)| = op (max]|A; = Aoill) (A.27)
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Step 5: By Lemma 2, Lemma S1 and Assumption 3(vii) we have

( Zl(” — Jor f0t> (Ai = Aoi)

max

, < [H]-0p(1/VNR2)- max. [|Ai=Aoil| = op (max | = Aol
1<i<N 1<i<N i

(A.28)

Step 6: Note that

max

: < Op(1)-|H| - max
1<i<N

1<i<N

Zz forlfe = for)'

R A
(T d_u fild - fw)’) Ao
t=1

+ O0p(1) max 21(2) — for)(fe — for)'

The second term on the right-hand side of the above inequality is Op(1/(Th)) by Lemma S1 and Lemma

2. Next, we have

T

Z 17 for(fe — for)

max
1<i<N

g max ||ft foe|l - max ?Z

1<i<N

and

1
max —
1<i<N T

T
@] < 1 <
z \ 1/h- m%T;um”Lh}

!

< max P||uy| < h]/h+ k™! - max
i i<N

%Z [l < B} = Pjuir < h)]| :

It is easy to see that max;; P[|ui| < h] = O(h). Moreover, similar to the proof of Step 3, we can show
that

T
1
1
B max | o ; [1{Juit| < h} — P(lug| < h)]‘ = op(1).
Therefore,
1 @] _
257 2 W] = 0r ),

and by Lemma 2
T

7 22 8 ot o)

t=1

= O0p(\/logT/VN).

max
1<i<N

Thus, we can conclude that

T
<;Zz§f>ft(ft—f0t)’> Xoill = Op(\/Iog T/VN) + Op(1/(Th)) = Op(\/1og T/VT). (A.29)

max
1<i<N
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Step 7: By the consistency of B,

T
@), / 1 (3) /N F v A 2
lgg,TZE - [X04(B — Bo) 1gg,TZyﬁ@mxuwW—%n
= 53— . (3) ’
= op (/|3 M|§%VTZZ ) fi X0
Write

T
) for Xy [(FF — for) A Z

HMH

Zz ﬂ%—TZWBAM&m&

It then follows from Lemma 2 and Lemma S1 that

Zl ()i X5 || S +O0p(1/VTHS).

T
1
TZZ’E?)(/B ) z?fOt)fOtXl(t

t=1

max
1<i<N

Let Bs; be a neighbourhood of (50,5\01‘), then by the uniform consistency of \;, with probability ap-

proaching 1, we have

1 T
TZZZ(S)(57 z,fOt)fotX

t=1

(B8, M, for) for X1

max

< max sup
1<i<N i

1t 0;€Bs,;

+ max sup
1<z<N9 €Bs.;

T
%Z (lg)(ﬂa)\i,fOt)fOtX{t [1(3 (B, M, for) for X1y H

t=1

The first term on the right-hand side of the above inequality is O(1) by Lemma S1. Next, for each i, let
951), ce OZ(L” be a maximal set of points in Bj; such that max; ||t9§j) - ng) || < € for some small € > 0. It
follows that

max sup
1<i<N 0,€Bs ;

T
§j( (8. s for) for Xy — B (8. Xi. for) for X4 ) || <

’ﬂ \

+O(e/h?).

1
——— - max max
/Th?2 1<1<N 1<;<L;

1 ) N~
—?ZW@% A, o) for Xy — EU (BN, for) for X1
t=1

Note max; L; < L = (1/€)P*", and by Theorem 3 of Yoshihara (1978) for any J > 2,

J
ZWGB DD, foo) for Xly = B (B9, A, foo) fr X1]) || < M-
Thus, by Lemma 2.2.2 of van der Vaart and Wellner (1996), we have
o ) / (3) = / (NL)Y7 3
1I<nza<>§vgselg; T; (l (B, Xi, for) foe X[, — B[l (ﬁa)\iafOt)fOtXit]) =0Op (W) + O(e/h”).
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Choosing ¢ = 1/v/T and J > (p+ 1 + 2)/(2¢), we have

Op <%]> +O0(e/h*) = Op(1/VThS) = 0p(1).

Therefore, we can conclude that

T
1w || T Z AL for) for Xy || = Op(1)
and that .
1ZiEN %Zlg)(*)ﬂ [X4(B = Bo)?|| = or([1B — Boll)- (A.30)
o t=1

Step 8: Similar to the proof of Step 7, we can show that

BT Z 9 () - (X (8 — o)) - (7Y (B — Roi)] ’ = op (1B — Boll), (A.31)
and
max | Z 1D fr - () (i = Aoi) 2 H = Op (max | = Moill*) , (A.32)
Step 9: From Lemma 2 and Lemma S1 it follows easily that:
1 .
maxc 31 () - (X0 (B = o)) [N (o = foo)] | = op(/18 = Boll), (A.33)
- t=1

T
1 r * £ ; *\/ (3 3 3
Ve (| T ;lgf)(*)ft SN Cfe = foo)] - [(F7) (i = Xoi)] ‘ = Op(1/VTh?)-Op (m?X [[Ai = Aoi”) ;
(A.34)
1 (3) 7 K\ (F Foi2l| — 2
a7 2 W - (00 G~ )P | = 021/ 00)) (A.35)
Finally, since max; [|Q; | < [|[H™'[? - max, |Q; ]| = Op(1) by Assumption 3 (ii), it follows from
(A.24) to (A.35) that:
i 1= Aol = 0p(13 — fol) +op (max 13— Aail ) + Op(/T2), (A0
then the desired result follows from (A.36) and Lemma 4. O
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Lemma 6. Under Assumptions 1 to 4,

T T
Qi(hi — Aoi) = Z ) for + = T Zl(l) — for) — (Qz - %Z it fOtht) (\i — Aoi)
— =1

(5

Proof. The result follows immediately from the proof of Lemma 5.

'ﬂ \

XT: — for)' ) Xoi + Op (18 = Boll) + Op(1/(T*"h%)) + Op(1/T'%").  (A.37)
O]
From (A.15) and the proof of Lemma 4 we have:
N T
A(B = Bo) = op([1B = Boll) + ZZ 1) Zy
- [sﬁf’ _ 3N (GW)1 ;* _} (F — Fp) — [Sﬁ” Y (EM’)*SM’} (A = Ao)

N r
— 172370 ST (5 A FON (G TN (R, — Ao ) (A — Ao)

i=1 h=1
N T
— 17237 ST (S N FEN (SN ) LG Ny (R, — Agun)(E — Fy)
1=1 h=1
T r B B R 5 .
—1/2) N (9P = SON(SN) LN (fug, = forn) (A = Ag)
t=1 h=1

—1 /QZ Z (21 Fon — SN (GAN) LG Fem) (fu, — forn)(F = Fo).  (A.38)

In the next 5 lemmas, we analyze each term on the right-hand side of (A.38).

Lemma 7. Under Assumptions 1 to 4,

39V — 59 (S 1EW(h - Ro) = — 2 4 0n(T) + 0n(1 - ).

Proof. Step 1: Note that we can write:

N T
[Svﬁ/\/ _ 5,/3>\/(5>\>\’)_1§/\)\ 1( A— Ao Z (T Z ztfm,) 5\ — 5\01‘)-
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Plugging in the result of Lemma 6, we have
[§7X = SV (SM) TN (A — Ao)
LN (1 X 1 X N
2 _

SO ESWINATIEI TN
i=1 t=1 t=1 i=1

1 T

2
NS ZAATE
i=1 t=1

lem (T2, » \oo d Lo
2\ T 2 Zadi | Q| - Zl foefor | (H) ™M (A = Aoi)

i=1 =1 t:l
@) 7w
E Lie’ Zit fos

1 2) 1 T
LS @) >
t=1 t=1

T ~
Z  fou(Fe — for) >)\0¢

t=1

el

ﬂ"_‘ - N

+ [OP(HB = Boll) + Op(1/(T*"h2)) + Op(1/T=%) } Op (

Step 2: By the Cauchy-Schwarz inequality,

1L (1 & . 1 <&
NZ(TZlS)Zﬁfat)Qf(H’)—l( S - m))H

i=1 t=1 t=1

10 (fo—for )

) (A

t=1 i=1 t=1
First, by Theorem 3 of Yoshihara (1978),
T 2 2
LS~ @y p (2) g >
B\l > 1 Zifs| = 7 Zh L Zifoe|| = Op(1/(Th?)).
t=1
Second, by Lemma 1, we have
2 2 2
| NI 5 9
Zz —Jo|| < |5 2 2o e |9 <ora ZZZH ejt| +Op(1/N?)-
j=1t=1 J;«éz t=1

For simplicity, consider the case where p = 1. Then by the mixing property we have

1 N T 2 1 N T T
1 1),(1
e NTZZZz(t)eﬁ ~ N272 DD D ElI) Elejies)
j#i t=1 j#i t=1 s=1

Z lzt €it

1 1 R 1LE
= w2 (T SSRGSV - E[ejtejs}> = Op((NT)™) = 0p(1/T?).

There, it follows that

t=1 t=1
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NZ: Tzli ztfot (H) Tzlit (ft—fot) =0p (T'Th?>:OP(T ) (A~40)




Similarly, it can be shown that

1N/ ) T ~
NZ<TZZit zz-tht) ( 24 ol - fw))“i VTt

Step 3: By the Cauchy-Schwarz inequality and Lemma 5,

N T
%Z (; Zzg?zitf{)t) ot ( Zz fOtf0t> H) '\ — A\oi)
i=1 t=1

p@ ! )—OP(T_l). (A.41)

D>

HMz

1 T
2
T§ :lgt)Z’itfét
t=1

1
< — —_
25 I = ol \IN

— £i1(0)) for fou

N
= O0p(1/T"*7")- Op(1/VTh?) - \l %Z

Moreover, similar to the proof of the previous step, we can show that

2

— 0p(1/(TH?)).

T
Z 0)) for £

Thus, by Assumption 3(vii)

NZ( Zz(?zztfm) (Q ZZ(Q)fOtf0t> H) (A — o)

t=1

because 0.5 — 2¢c — v > 0.

Step 4: By Lemma S1 and Assumption 3(vii), we can write

(s ()L e

t=1

WAL

t=1

—£i(0)) for fou

>+Op hq)

1 1Y o -
TNZ(\fZ )Z7tf0t> ( Z 1)f0f>+0PT D). (A43)
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First, by Lemma S1 and the mixing property, we have

(e

T ) LN LT
Z (Q)Zztf0t> (\/Tzl(l)fm)] = Z (T ZZE lz(f)lz(;)zztfétgi_lfOSO
=1 t= =

f N i=1 t=1 s=1
N /1L A s

2)7(1 - 2)3(1 _
g <T t:ZIE l(t)lz(t)ZztfétQI 1f0t]> + N ; ? ;;E[l(t)lgé)zztfétgz 1f05]

1 1Y
= (1=05) 5 > w5 d_wps + O(Th?) = ~bi + (1),
=1

i i=1
where
(1) ZE it(01Xit) Zie] for % for,
(2) _ ZZ (TE 31(01X5) Zit) [/ fi1s(0,v| Xy, Xis)dv - Zn]> 16:9;  fos,
T3 st
and

N
_— 2)
br=—(r=05): Nlll“goo Zw _N,lll"gooﬁ2wip’l

Second, similar to the proof the Lemma A6 of Galvao and Kato (2016), we can show that

iN LTZ 1 Tl() =o(1)
ar N; \/th:;Z ztht ;Z fOt - .

N Z (\/;Zl z)thf(/)t>Qi1<

and the desired result follows from (A.39) to (A.43)

H

Thus, we have

T
Zﬁ?fm) = —b1 +op(1),

t=1

5/~

Lemma 8. Under Assumptions 1 to 4,

d
L + OP(T_l).

N T
’ - r = / 1
Bf BN 1 QAN =1 g f’

=1 t=1
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Proof. Step 1: Write

[S77 — SP(SW) LAY (E — Fo)

RS RS WE VR g g1y L@ 5 08\ (f o f
= fz Nzlit Xit 07 (H) fOt Z Z‘I’z ) (lit fOt)\Oi_lit) (ft_fOt)
t=1 i=1 r=\N=
1i<1iumxx D, fo X + 1} ’@) — on)
= T AT t lt 0t it 0Ot
Tt:l Ni:l
_ Is(Liy 12 Zu) + 109,
= ftzzl N;[ itAo; + J ) ()7 (fe = for)
1, o Lo~ (15[, o\ 17 _ f
= fZAt(H) fOt + = Z(NZ{ Zit — E[fi(01X5t) Zit)) Noi + Uiy ‘})(H)_l(ft—f()t).
t=1 t=1 =1

Step 2: By Lemma 1, we have ft — for = U'g,, thus,

T
— for) = At (Ho) ' Whei + — )TN — (Ho) ' | ey
NT

zltl i=1 t=1

It is easy to show that

ZZAt[ )~ — (Ho) W e

=1 t=1

< Op((NT)7/2) - (I = Ho| + & — o) = 0p(T~).

Therefore,
T 1 N T
Z — for) = ~7 SN A(Hy) e +op(T7H). (A.44)
t=1 i=1 t=1

Step 3: Since |[H — H| = Op(T~/2) and | ¥ — Wo|| = Op(T~1/2), we have

T
= (fv > {0 2 — Bl (01Xu) Za Ny + 11 1} ) ()~ (f — for)

= (1+0p(1))-%-% Z <1N Z {(lgf)Zit — E[fit (0 Xit) Zit] ) Ao + ll(tl)q)i} ) (Ho) ' (

.
Il
_

-

M=
2

N~
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Next, by Lemma S1 and Assumption 3(iv), it can be shown that

(e s o) s ()
i XT: E Kzzf)zit,\gi + lz(tl)q)i) (H, ‘I’oeu}

1
NT
1 N T
= <7 D > CElfir(01Xi) Zi Ay, (Ho) ™' Whe] + op(1) = —di + op(1).  (A.46)

Step 4: Define

o~
M-
o

N
( > {0 2 — Bl (01Xi0) Zu] 6i+z§3>¢>i}><ﬂo>-l%<
1=

1

2}—‘

To complete the proof, it remains to show that

Var (z{ i2t> H = o(1).

Note that )

Var (; ;Zt> H < % E % ;h(zt —E[Z,)]

By Assumption 3(iv), {Z1,..., 27} is a—mixing. Thus, by Theorem 3 of Yoshihara (1978) it suffices to
show that E||hZ;||* < oo for all t. By the Cauchy-Schwarz inequality,

N 8 N 8
1 1
4 < - (2) I . / (1) . R .
E[nZ]* 5\ E| = Z:h {082 Zi — Elfa(01Xi) Zu) Ny, + 131 || -\ E = ;ezt (1).
Thus, we have
1« 1
This completes the proof. O
Lemma 9. Under Assumptions 1 to 4,
r - ’ ’y . ~ N ~ ¥ 2b _ 3
D0 DS = SN (EN) TSN (R — Roin) (A = Ao) = =T+ 0p(T) +op([|5 — Boll).
i=1 h=1

Proof. Let ®;1, be the kth row of ®; = Z,Q; . The kth element of — Zfil Zzzl(Sfohfgﬁ)‘/ (SAN)=LGANXin ) (X —
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XOi,h)(A — Ap) can be written as

T

S ) K — P (BT Fiin (i = doin) (A = Aoi)

h=1

N
Il
-
~
I
—

- 3-
M= 11
1= 117

(s = 2od) 1 () (X — @i (BT ) f7 17 (i = Roi)

Il
—
o~
Il
—

3

> (A = Aoi) ( Zl(g) Xt — Car () LI )(j\z‘—j\m)'

i=1

=~

Step 1: Note that

Zl“’ Xk — Pae(F) O F
=H (7{ Z lgf)Zit,katf(/)t> H + Z 1D () (Ko — @a () TV F)) (f7 £ — FLfou £, L)

T
( 21(3) g (for — (A)lf:)fOtf(;t)I:I/_FI:I( ZZ(B) iR Ltkfmfm)

Thus, by Lemma 2, Lemma 5 and Lemma S1 we have

N T
ZA—Am ( Zf” Xt — ©ipo(H >1ft>ftft><xi—xm>

_%Z( ~ Xoi) /H< let it kf()tfm) H' (A — Aos)
i=1

= Op(T"~*")-0p(\/10g T/VThE)+0p(T"**)-0p(1/(T**~"1?)) = Op (} Tos,lgg> =op(T),

where we have used the fact that

D6 =115 (18 = Boll + e = Joull + 1 = Rl ) /2,
and thus

T

Z (3) zt zt katf()t

<16 = Boll/h® + max | fe — forll/B* + max | A; = Aol /B

o (VIO T/NTE) + Op(1/(TO5 7)),

Step 2: Recall that

T
1
Cuk = = D B O1Xu) Zu sl oS
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First, by Lemma 5,

N

1
Z (\i = Aoi) 'H< Zl ztkatht) "(Ai = Aoi) — N -

(A — Aoi) HC, . H' (N — Aoi)

N

< Op(T'™%)- N Z

=1

- gMz

1 T

T Z lvgf)Zit,katf(l)t -Gk
=1

Second, by Lemma S1 and Theorem 3 of Yoshihara (1978),

T

1
TZ it 1t kat.f()t zk

t=1

T
1
E —= > 02(1 Zin s — BIG Zis 1)) for fly

< 1 |
=~ Th* VT &=

Thus, we have
1 N T r . R 5
WZZ 1D () (Koo — @a () TLF) 17 i — Rorn) (A — Rog)

i=1 t=1 h=1

N
Z (Ai — Aot) HC . H' (A — Aos) + 0p(T7Y)  (A47)
because Op (T2 - T=121h=2) = op(T71).

Step 3: By Lemma 6 we can write

T

Xiﬁmzﬂgl% 19 for + g+ Op(|B = Boll) + Op(1/(T¥h2)) + Op(1/T~2¥).
t=1
where
-1 R 1 & 3 - 1 & 3 3
90 =07 5 DU (fe—For) - (Q —fZl fOtfot> — o)~ f(TZz@ Jor(fr fm)’) Roi-
t=1 t=1

By the proof of Lemma 7, it can be shown that

1 & 1
N ; gl = Op (Tl_”h> .

30
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Thus,
1T ) 1Y & 1
> (i = Aot HC; 1 H' (A — Aoi) — N > ( Z f0t> i Cit (T Zl(l)f0t> H
1=1 =1 t=1 t
N
= 0r (s 1A~ Aa ) ¥ X lalcor (13-l +0r (s, 13 = Ao ) Om(0/ 1) 1/77)
! 55 )+ on(l = foll) = on(T™) 4 or 15— o),

=O0p (T1.5—2uh2 + T1.5—3v

=|

because 0.5 — 2¢ — 2v > 0 and 0.5 — 3v > 0, and we can write

)\Oz HC; kH (/\ - )\Oz)

N T
1 (1) g1 -1 -1
*Z 72% Jor | i G
N i=1 (ﬁ t=1

||Mz

T
Z f0t> +op(T™) +op(IB — foll).  (A.48)

ﬂ\

Step 4: First, by Lemma S1,

1 Y 1 & ) 1 & (1)
E|- W oteuat | =Y 0
[NZ( ;z f0t> i AR <\/th_; it Jot

VT
N T T
[D12] 15071 Can 2 fos

T
ZE(lz(tl)) fOt 1CikQ fOt+%Z%ZZE it Vis

_ L

~ NT

'Mz

i=1 t=1
XN
3
NZW() Zw 1) = 2by + o(1),
=1
where -
(3) 1 ’ o1 1
Wrik = =7(l—7)- T ZfOtQi Ci k82 for
t=1

T T
1
rok = 75 2 O AEM{uir < 0,uis < 0} = 7} 6,0 Cony  fos

Wrik =
t=1 s#t
and
1 e~ @3 1 & W@
boje = 0.5 lim lemk +05 lim Zl -
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Step 5: Finally, note that by Theorem 3 of Yoshihara (1978),

1 1 (1) . (1 T W
NZ <\/Tzlzt f0t> Qz Cthz ﬁ;llt fOt

=1 t=1
| X . I . L& :
< = Ll oTtC 0 =) T E l;
~ N2 L:ZI < T; fOt) i ALY (ﬁ; it f0t> ~ NQZ fz fOt
=O(N™1) = o(1),

— SN I O Kt = i) FinBin—Roin) (i = Roi) = =2ba s +0p(T 1) +op(1|B—Bol)),

and the desired result follows. O

Lemma 10. Under Assumptions 1 to 4,

r ’ — - ’ ’ A < ~ ~ 2d
Z Z(Sff Fon — PN (SN TLGM T (fu, — forn)(F — Fy) = *WQ +op(T7).

t=1 h=1

Proof. Step 1:
Note that the kth element of — Y, Zzzl(Sff,fth — SBN (G ZLGM Sy (fy — fou ) (F — Fy) can

be written as:

Ly (1 SO U ()X — B ()L f7 (N1 z‘h><fth—f0t,h><ft—f0t>

t=1 h= i=
o hA1 V 11 Ny ) N
= Tt—l(ft_fOt)/<N;lit (%) [ Xt p — @i (F)~ 1ft])\f)\’{>(ft—f0t)
1 T N o
+2-T; — for) < ; )_1>(ft_f0t)-
Step 2:
First, by Lemma 2,
1 I , 1 <& A
=S (= F) < Zz Xt — B (H)~ 1ft]A;‘A:-‘> — for) = o D2 (Fe = For) (H) "Dy (Ho) M — for)
- T
Ty N ,
< Op(logT/T) - Z 5 21 X — ik (E) 7 NN —<H’o>—1Dt,k<Ho>-1H.
t=1 i=1
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Second, write

N N

1 1 . o

T U ) X~ ()T NN, = Z Zin i hoi(Roi) 5 D217 [Batfor— P () ™ 17 Aoi (Ros)
i=1 =1 i=1
N

1 - % 1 . ¢ 5

o 20 XKar =i ()] () = AoiCoa) )70 2 (19769 = 1) [Xira= @i (D) 7 7 Roi (B

i=1 i=1

5 2l () Xirk — @ () F7IAIN — (Hp) "Dy (Ho) ™!

N
1
5 2 Ut ZinkAoiXyi = D

+0p (max Ify = foull/1?) + Op (max | A = Aoill /1%
where we have used Lemma S1, Lemma 4, and the fact that

D00 =215 (18 = Boll + 1 = foell + 13 = Aaill) /0
Similar to the proof of Lemma 9, it can be shown that

2

Therefore, by Lemma 2 and Lemma 5

ﬂ\
=l

N
Z Zit ;hoiNp; — Dyg| = Op(1/V/NRY).

1 o Y A : 1 &
*Z fe—for) (NZlg?(*)[Xit,k_q)ik(H)_lft*])\r)‘:> fo—for) = Z fe=For)'(
t=1 i=1 t:1

on (M) o @) (;’%) (1)}

T0‘57uh3

N

) Dy (Ho) ™ (fi—for)

Z — for) (Hp) ' Dy x(Ho) ™

t:l

Y(fo = for) +op(T7Y).  (A.49)

Step 3: By Lemma 2 we can write

—

T 11 &Y 1 S
Z fe—for) (Hy) "' Dy i (Ho) ™ (fi—for) = =NT > <\/N Z&t) U(Hy) "Dy i (Hy) W ( Z%)
= t=1

=1 \/N i=1
1 1 1 N 1 1 T 1 N 2
“N'T eir | Wo(Hy) "Dy i(Ho) "W | —= ) eir | + = -op e
vy ) -0 EEC ED Ol rp ot
o1& &Y )
N 72 Zeit Wo(Hp) "Dy x(Ho) ™ ¥ ( Zeit) +op(N7Y)
N T4 <\/N — ) N &
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Define

Second, we have
2

Var (;Zzt> = % ‘E ;;(zt —E[Z)])

Since the process {2y, ..., Zr} is a—mixing, it then follows from E|Z,|* SE|N-/2 3N ¢, |8 < oo that

2

=0()

Lz
Vo Z (2¢ —E[24])

and thus

Therefore, we have

%Z( fOt < Zl Xite — Pix(H )1ft])‘f)‘;‘k/>(ft—f0t)

t=1

N T
NL DD T {Eleie, ] Wo(Hy) "Dy (Ho) ' ¥} +0p(T71).  (A50)
i=1 t=1

Step 4: Similarly, we can show that:

N

T N T
fofOt( Z )N Dy (H) ™ )(fff@f)NlZZ r{E[eire}, | Uo(HY) ™' Byx(Ho) "' }+0p(T71).

This completes the proof. O

Lemma 11. Under Assumptions 1 to 4,

r

r T
S (i = Koan) (= Fo) = op(T™), D3~ S (fi, = forn)(A = Ro) = 0p(T7),
— t=1 h=1

HMZ

N r
S'@X S)‘)‘ 12 /\f Ain )\h_)\O,ih)(F_FO) =op(T71),

i=1 h=1
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SN~ ZZSMM fth*f()th)([\ Ao) = op(T7H).

t=T h=1

Proof. To save space, we only prove the first result. The proof of the other results are similar. Write

N r N T

1 \* *1/3 By R F
ZZSﬁf )\m(Ah )\Olh)(F FO - WZZ (2) ) z7 Z(S)(B ) 77ft) ( i)/ft]()‘iiAOi)/(ftifOt)'
1=1 h=1 =1 t=1
Let Ryp(x) = 1) (8% A5 f7) Xie — 1) (8% A5 f1) XN fis and Ry = 15 Xy — 180 Xiu Ny, for, then by

Lemma 1 and Lemma 4 we have

N r T
ZZ SEINin (X, = Noin) (F =% Z ( Z — for)! ) (N — Aoi)

T
- %Z <711 ZR ~ for) ) (X\i—Xoi)+Op (mzax‘ \;

t=1

ft - f(]t

Yo} 0 (mps

)-OP (Hﬁx ([ Rt () — Rit|> :

Similar to the proof of Lemma 10, it can be shown that
mas | Rie(s) — Raall £ (18 = Boll + 1 = Foull + 13 = Raall) /5 = Op(1/(T°5¥1%)),
thus, by Lemma 2 and Lemma 6,

Op <mlaX’5\i—5\

0i ) -Op (mtax Hft - fOtH) -Op (H;%X | Rie (%) — Rit||>

ViogT 1 1 _
=0p ‘T s | = op(T D)
JT T T

because 0.5 — 2v — 3¢ > 0. Therefore,

Mz

ZZSWMM—AM)(F ) = %

i=1 h=1 =1

T
<1 ZR” fi — for) ) (A — Xoi) +op(T71). (A5

Note that
N
1
W
i=1

Similar to Step 2 of the proof of Lemma 7, we can show that

>\Oz

< max

Nl =

T N T
Zth fOt ) ( AOL) Z Z it ft ,fOt

t=1

T

1 S
E)= > Ri(Fy — Fos

y | =0T h2),

it then follows from Lemma 6 that

T

1N (1 N X -
N§ T;Rit(ft_fm) (Ai = Aoi) = Op (W)ZOP(T ) (A.52)
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because 0.5 — v — 2¢ > 0. Thus, it follows from (A.51) and (A.52) that

N

Zisﬂf it (Nin — Aoyin) (' — Fo) = op(T71).

The proofs of the other results are similar and thus are omitted. O

Proof of Theorem 2

Proof. It follows from (A.38) and Lemma 7 to Lemma 11 that

b
i
=
<
I

N T
~ — r = 1 b d — A
~[57 -5 3 3 A gt o (T o (I3

1
NT

T
S Za,

1t=1

M=

S8 GOV (W) 16N =

3

it then follows from Assumption 3(vii) that

N
A 1 ~
VNT(B-p = T SN AT Zis— Av(Ho) T Whei) + A (kb+k L d) +op (1) +op (VNT || f—Foll)-
=1 t=1
Define Wj; =14 Ziy — Ay(Ho) 2 Wjey and Wy = T-Y/2 521 W, it remains to show that
, NT N .
— > > wy = Z W5 N(0,V). (A.53)
VNT == i=1
First, by Lemma S1, we have E[W;] = O(h?) = o(T~!), thus
;N N
Nod Z Z — E[W;]) + o(1). (A.54)

Second, by the mixing property and Theorem 3 of Yoshihara (1978)

3

E|W; - E[W;]|’ < 0.

T
1 * *
=K 7T Z (W3 — E[W3])
t=1

Third, since Wy, ..., W are independent, it follows from Lyapunov’s CLT that

N
S (W —EW;]) S N (0, V) (A.55)

=1

=l

36



1 N T

o7 2 D EI(Wi — EWED(W; — EW;)]
1

N T

ZZZE (Wi = BWED (W — W)

Finally, by Lemma S1 it is easy to show that

N T .,
1 ) o * 1
NT Z ZE (W5 —EWaD(W3 —EWE]) ] =7(1-71) Z ZE (Zit Z;,]
NT i=1 t=1 NT po ot
| DT
o D AHo) W Blenel o () A + o(1) = Vi + o),
i=1 t=1
and

3-
] =
M)~
M=

E[(W;; — BWE) (W — E[W])']

@
I

-

.

Z‘H
~

] =
M=~ L
B
=

w
iy

P—E[1{ui < 0} Xir, Xis] ~B[1{uis < 0} X, X +E[1{usr < 0}, uis < 0} Xir, Xis)) Zis Zi]

©
Il
—
o
Il
_
»
S
&

E[(7 — E[1{uir < 0} X1, Xis]) Zireis|Uo(Hy) 7' AL

©
Il
-
o
Il
-
»
S
Ay

M=
B
[M]=

Ay(Ho) " UE[e; Z,, (T — E[1{u;s < 0} X, Xis))]

|
3~ 3l-
) M-

M=

B

s
Il
e
-
—
w
*
A

+ l
‘»—l

=
~
] =
[M]=
M)~

A (Ho) ' WLE[eseis]Wo(H) PAL + 0(1) = Vo + o(1)

©
Il
—_
o~
Il
=
»
*
BN

Thus, we have V* =V +0(1), and (A.53) follows from (A.54) and (A.55). This completes the proof. [

A.4 Proof of Theorem 3

Lemma 12. Under Assumptions 1 to 4, we have

(i) maxi<in |2 = Sill = Op(1/(T°277h)), maxi<ien || — Q| = Op(1/(T*°7*h)), maxi<i<n [P —
OH = 0p(1/(T*5¥h)), max;, || Ziy — Zi|| = Op(1/(TO5~¥h)).

(i3) max; ¢ ||é:x — eu|| = Op(/Tog N/VT).

Proof. Step 1: Adding the subtracting terms, we have

[I]>
[I]x

T
sz i nft—fZl”anatﬂw%Z(é?xit— (e (0 Xs0) Xa] ) S -
t=1

37



First, by Theorem 3 of Yoshihara (1978)

J
<M

\FZh(z)X E[fie(01Xi0) Xut]) for

for any J > 2. Choosing J > 1/v, it then follows from Lemma 2.2.2 of van der Vaart and Wellner (1996)

that .
1/J 1
@)y NP _op (L
1r_<n¢a§}§v Z ( i Xit — E[fi (0] X3) X ]) fot (ﬁh) =O0p (T0.5—uh) :
Second,
1 T T T
T ZZ(Q)( Uit ztf - let zthtH/ Zl(z ( Uit ) it(ft fOt Z (l(2 - l(2 ) Xitfét HHI
t=1 r= =1
The first term on the right-hand side of the above inequality is Op(1/vV Nh2) by Lemma 2. For the
second term, using Taylor expansion and Lemma 5 we can write
1 < 1 <
2) 3 5 317 R % 3% (FF
=2 (19 Ge) = 1) Xiepy = = D {1 X8 = Bo) Xt fo + 12 For (Vi = Do X + 15 s (o = foo) XSy, }
t=1 =
+Op (1/(T**1%)).
By Theorem 2,
1 o (3) 11 1
max |- lef (X1 (8 = Bo)l Xit for Op ( : 2) =op () .
1SN (| T & VNT h VTh
Next, by Lemma 2 and Lemma 5,
L\~ 0 L\~ 0
3 / 3 ) F N by
—_ . < - \ . . s
max ;l [Foe(hi = Aol | Xaa S| < max max o ;ln XitforSore|| - max (A = Ao

Zl B)thfétfom

—UP\ 05 ) SEN ke | T
Similar to the proof of Lemma 4, it can be shown that

max max
1<i<N 1<k<r

= 0p(1).

1 T
?Z it zththtk
t=1

Thus, we have

Zl [foe (s = Xoi) Xie fo

1 1
=0p <T‘05u> =op (M>

1<i<N
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Similarly,
3 3 ~
x| Zl( "o (fe = For)l Xie 5, < ax max | Zl( "(Fok = Jorw) Xie Fou Mo
T
S pax, Il for — foell - A z_: |- 1 Xt forl-

) by Lemma S1, and it can be shown that

Since E[Jif| - [| Xieforll] = O(h ™!
@) 3) 1
3 3
7 2 {1 1Sl B 1 a1} = O (ot ) = or(1)
1
T0.5—vp '

= O0p(\/1ogT/VN)-Op(h™') = op <

and it follows from Lemma 2 that

T
X /
max, Z: — fo)) X fo
Combining all the above results, we have
12~ 2l = Op ( 75
2 1% = 5= 0r o )
It can be shown in a similar way that
1

1<i<N

Moreover, by the definition of ®; and ®;,
20-1_ =.0o-l¥-1
Q7 -50, H ‘ = 122%)?\[ =

max ||CI) —o,H Yl = max
1<i<N 1<i<N
thus, it follows from the above results and the fact that ; is positive definite with probability approaching
4 1

1 that
1<i<N
1
=0p (To.s—yh)

fi = for

Finally, by the definitions of Z;; and Z;; and the results above
gt |
1

t — fifh and

Ziu —

max‘

7,t

Step 2: Define X; = (X1, X,r), and f’; = (F’F)_lﬁ’Xi. Then we have é; = X
eir = Xit — Difor = Xiy — T;H 1 fo,. Tt follows that

max [|€ — eie]| < max |1y — THT | + max || f; — foel.
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A A A R 1 &\ (1, 1 L\ (1
I, = (Tz; t {) (TZ; tX£t> = (Tzlft t/> <Tzlftf(l)t> F;:JF(TZlft t/> (T
t= t= t= t= t=

1 & 1 & o
(TZ t Z) =H)"! (TZfOtf(/)t> H ! +0p(N~?)
t=1 t=1

-

£l
t€it .

and

T
Z ifo =H- *Zfotfoﬁ‘OP( -2,

Thus, it follows that

max ||[T; — T;H™Y| < Op(N7Y2) + max

T A
Zfe;t

Next, by the proof of Lemma 2,

T T
1 A 1 - .
X||T 2 Jieie| S maxim D Joecal| +Op(NT2) = Op(Iog N/VT) + 0p (N2,
It then follows from the above results and Lemma 2 that max; ; ||é;: — eit] = OP(\/W/\/T)' O

Proof of Theorem 3

Proof. Step 1: We first show that A=A+ op(1).

Note that by the definition of A and Lemma S1,

N T
o S5 {19 2020~ B 20 7))

=1 t=1

1A - Al < +o(1).

) 1 N T
- 2 74 Z;
NT;E Lt

Similar to Step 2 in the proof of Lemma 4, it can be shown that

N T
% Z Z { 22y — E[ZS)Z%Z#]} =op(1).

i=1 t=1

Thus, it remains to show that
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By the definition of A, we have
| NI

. 9 .
A= NT Zzlgt)zitzit Zit — Zit

=1 t=1

< male(Q) (i) — l(f)) +m,six}

/h.

First, by Lemma 2 and Lemma 5,

< (118 = Bo ll+max |3 = X,

+ max Hft - fOtH) /h?
= 0p(\/1og T /V'Nh*) + Op(1/(T*°"h?)) = op(1)

maXHl(Q) Ust)

because 0.5 — v — 2¢ > 0. Second, by Lemma 12

Zit - Zit

1= 0r (stegs ) = or)

max ’
1,t
because 0.5 — 2¢ — v > 0. Therefore, the desired result follows.

Step 2: Next, we show that b= b+ op(1).

By definitions, it suffices to show that

~ (1) W _ ~(2) @1 _
121%)5\/ Hw —wpil| = op(1), 11;1%)%, Hw —wp;l| = op(1),
and
(3) (3) _ (4) _
IISHZE%%V ‘szkinzkH OP(l)’ 12523\, ’szkinzkH *OP(]‘)
for k <r.

First, similar to the proof of the previous step, we have

max ‘LD(T — w(Tz
1<i<N

= max
1<i<N

T T

1 A SA_q 2 1 _

7 2 M @) Ziv - FOT o= 7 D B[ (01X0) Za] £, for
t=1 t=1

T T
1 "N 2 _ 2
= SN || T t_zll(z)(u”)z” SR Zl( 2y - fo % for +1I§n%X Z (1( ) Ziy — E [fit (0| X i) Zi ]) Fo:80 " for
. N 1
< max Hz<2> — 19| + matx) Zir — Zu| /0 + matbx‘ O, — f(’,tQi‘lfOtH /h+Op <T05Vh>

— max | 7107 i = 6,97 for| 1+ 0p (1),
Note that by Lemma 2 and Lemma 12,

FOT o — 15,97 for SO — £, (F) 10 (H) T L fo,

/h = max‘

/h

e . o 1
0 = i o 1 o o 1021/ = O ( gz ) = orl)

m ax

2,t

= max
i TO05=v]?
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because 0.5 — v — 2¢ > 0. Thus, it follows that

H W= Wil = op(1),

max
1<i<N

Second, by Lemma 12

T T
A 3 1 FA—1. A-1F -1
max (o) )| = (1 - )+ max th_; 107 G i — ;fm Co 2 for
1 1
< = FA—1 -1z + £ y—1 1
max T; 107 Con T o T;fmﬂz HC; H' - Q" fo,

< max | = forl| /h24max |21~/ max | G — O, H | = max||Cy o — HC i +0p(1)

By the definitions of (AJUC and C, , it follows from Lemma 12 that

T
P 1 N N
Zl (ttit) Zis n fo ff — T > _E[fi(tl)(oXit)Zit,k]HfOtf(/)tH/H
=1
1 - (1) ’
T Z ( it Zite + E[f}, <O|Xit)Zit,k]) fot for

t=1

max Hci’k - HCi,kH/H = max
7 K3

T
Z (l( ) uzt ’Lt kftft - lzt it katht) ||H||2

< max
7

+max
1

1
< g — ol /12 -+ g i — wll 0° | 2 — Zal/2 4+ Op ()

T0.5—vH2
ViegT 1
=0Op %) 4 op =053 | =or(1)
VNHE TO05-—vR3
because 0.5 — v — 3¢ > 0. Thus, we have
. 3
s -] o
Third, by the proof Lemma 7 and Assumption 2(iv), it can be shown that
T—L t+L Il )
sz - Z Z E [lz(tz)z“fl } fOt 1f05+f Z Z E [lz(tz)thlzs } fOt 1f08+OP(Thq)+O(O‘L)'
t=1 s=t+1 t=L+1s=t—L

Since 0 < @ < 1 and L — oo as T — oo, by the definition of wgp), it follows that

~(2)  (2) (2) 1) A1 2)
1 SiEN ‘wT’i “ri 1<1< Zl 21 {l ) Zil M (@) - [{O7 s —E [ln Zztl } forS% fOs}‘
T -1
+ max |~ {l@‘)(a V2l D (1) - 1O, —E [l@z,» z“)] - Q»‘lfo‘} +op(1)
1<i<N || T T s it/ it vs t % Js it “itlis 0t°4 s .
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Note that

T—L t+L
1<7,<N Z Z { u“ Z“l( (u”) fo f E[IE?)Z (1)] fOfQ fOs}
t=1 s=t+1
N T—L t+L
1r<nza<)§v Z Z {1(2) Z l(l)( ) fQ lfs_l(2 ztl fOt 1f05}
== t=1 s=t+1
T—L t+L " ) 0
/ —1
1<1<N ;S;l{ Zitliy” — [l Zitly :|}'fOtQi Jos

It can be shown that the second term on the right-hand side of the above inequality is Op(L/(T%*7"h)) =

op(1). For the first term, similar to the proof for dzgplz we have

T—L t+L
(2) (1) 1 (2 -1

max |25 S {10 2l () - 07 s~ 18 20D o0 o)

== t=1 s=t+1
<L (male(Q) Q;t) )H —&—maXHl(l) Uig) l(1 ‘Zﬂg Zit /h—&—max‘ ft 1fs — 15:8% L fos /h)

L
=Op <T0.5—uh2> =op(1).
Thus, we have
@%H —wi| = op(1)

Finally, we show can that

max ‘w(4) wﬁ
1<i<N

in a similar way. Thus, we can conclude that b= b+ op(1).

Step 3: Finally, we show that d= d—+ op(1), which follows from di = dy + op(1) and Ciz,k =dyr+op(l)
for all £ <.

First, by the definitions of d; and ch, we need to show that

= Op(l).

N T T
1 1
NT ZZ (2) t)‘ Wy — NT E : E :E it (01 Xit) ‘t/\6i(H0)_1‘I’6€it]
=1 t=1

=1 t=1
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N T N T
1 b Rrara 1 _
T DO 1) Zu N W ey, — T D> B[ (01Xir) Zie Xy, (o) ™ Whes]

i=1 t=1 i=1 t=1
1 N T 1 N T @)
< |l 2o 2o P @) Zu N e — 5 D7 DT U 2Ny (Ho) ™ Wi
NT i=1 t=1 NT i=1t=1
1 N T 1 N T
| 2o D Zae N (Ho) ™ Whea = 1 DD BIfie(01Xie) Zin oy (Ho) ™ e
i=1 t=1 i=1 t=1

It is easy to see that the second term on the right-hand side of the above inequality is Op(1/vV NTh2) +
Op(h?) = op(1). For the first term, by Lemma 2, Lemma 5 and Lemma 12 we have

N T
L S S O AN Ve~ 35 1 2 (0) e

i=1 t=1 i=1 t=1
< e |12 (dse) — 159+ e | Zie — Zell /o e | As = Rell /A + |18 = ol /b max 65 — el /o

=00 (VED) +0r (gstogs ) = or0)

Second, by the definitions of d3 j and cizyk, we need to show that

Therefore, we can conclude that di = dy + op(1).

N T N T
1 g oAA AL 1 _ _
’ NT Z Zegt\PBt,k\Iﬂeit “NT ZZTY {E[eite;t] - Wo(Hy) 1Bt,k(H0) 1\116} ’ =op(1),
i=1 t=1 i=1 t=1
and
;NI R | NI
‘ NT Z Z & VD, p W'y — ~NT ZZTI‘ {Elesely] - Uo(H)) ' Dy i (Ho) 104 } ‘ =op(1).
i=1 t=1 i=1 t=1

N T N T
1
WZZ \Ithk\I!e”—NTZZTr{Eenelt To(HY) "By (Ho) 1Ty }

i=1 t=1 i=1 t=1
1 N T 1 N
<\%7 SN € UB Ve — N7 S €l Wo(Hy) T By (Ho) T Whe || +
=1 t=1 =1 t=1
1 N T 1 T
‘ ~T DO el Wo(Hy) T By (Ho) " Wheir — N7 SO T {Eleqel,] - Wo(HY) By k(Ho) ' 5} ‘ .
i=1 t=1 =1 t=1

It is easy to see that the second term on the right-hand side of the above inequality is Op(1/v NT). For



the first term, we have

1 N T 1 N T
ﬁ ZZé;t\Ith 61;t ZZB t\IIO HO Bt,k(H0>71\Ij€)6'Lt

i=1 t=1 'L:l t=1

<max||ezt—ezt||/h+||\if \Ifo||/h+maxHBtk— (H}) "By (Ho)~ H

= max HBM ~(H)) By (Hy) ! H + Op(y/Iog N/VTH?).

By the definitions of ]A3t,k and By, it follows that

N N
R 1 e 1 _ _
Hl;jiX’ (Hg)_lBt,k(Ho)_IH = Intax N Zl(Z) (Uit))\iq)i,k — N Zlfzt(O)(Hg) IAOiq)i’k(Ho) 1
1 N
aA A 2 2 3 —
< max | Zl(z £)Ai ik Zl( Roi®i i (Ho) ™! Tmax ) ﬂ“z(t) — 5 (0)] Ao i i || - [[HG |
Smgxnz@’(uﬁ)—l2>H+max|\x — Xill/h -+ max |; — S| b+ [Ho — H7| /A + Op(1/(T%7R))
VlogT 1
—0p (Y22 ) 1 0p (=) = 0p(1).
\/W T0.5 uh2

Combining the all above results gives that dAQJC =dy , +op(1) for all k& < r. This completes the proof of
Theorem 3. O

A.5 Proof of Theorem 4

Proof. First, similar to the proof of Theorem 3, we have

s A A5 = | S 0050 - % 3 B0 20
S == i=1
1 & ( Lo~ [,
f B3 2), 3 2 -
< |y 100 ZaX = 1D Zu30 ]+ me | 30 {0 2~ EIROX) Zul 4 1EL

2) (s 2 5 VY 1 _ 1

Second, it follows that

max [Wie — W = max Hl(l)('&it)zit — A0 — [lz(tl)Zit — Ay(Ho) ™' Whe]

<male(1) Q;t) UH

Zit — Zit

. R . 1
+max HAt . AtHglu + 11 — ol + maxjéi; — exll = Op () .

+ max‘ T05—v}2

i,t
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Third, similar to the proof of Theorem 3, we have

1 N T T 1 N T—-L t+L
Vs — NT ZZZE[W’;WZZ] < WZ Z Z {WitW —E[W; W, ]}H
i=1 t=1 s#£t i=1 t=1 s=t+1
1 T t—1
e X X {Wth [W;;W*}} +op(1)
i=1t=1+L s=t—L
1 N T—-L t+L 1 N T—-L t+L
<=2 (Wi, —wiwi M+ |7 o 2 0 {wawis - [W:@W*}}H
i=1 t=1 s=t+1 i=1 t=1 s=t+1
1 N T t—1 1 N T t—1
+lwE e X (Wi, —wiwi H 4|5 22 X X {wawi —Ewiwy) H
i=1t=1+L s=t—L i=1t=14L s=t—L
S L W = Wil + Op(L/VVT) = O ( s ) = or

By the proof of Theorem 2, it follows that Vy = Vo + op(1).

Finally, we can show that Vi=V;+ op(1) in a similar way. This completes the proof. O

B Some Auxiliary Lemmas

Lemma S1. Let M be a generic bounded constant. Under Assumptions 1 to 3, it can be shown that
(i) supyuer 1 (w) - W~ < M forj=1,...,4;
(ii)

E[l}y Xu] = O(h7), Elly’) = O(h?), EIY Xu] = Elfie(01Xit) Xut] + O(h), E[I7’] = £,1(0) + O(h?),

B[S Xin] = —E[f (0 Xi) Xoe] + O(h*™Y),  E[P1) Xir] = (7 = 0.5) - E[fis (0] Xi0) Xur] + 0(1),

0
E[l21) X, = 7B, (01 Xi) Zit] — E [/ fi.05(0,0| X0, Xis)dv - Ziy | + 0(1),

o0

E [(zgpf] =7(1—7)+o(1), E [zggn,@?] = E[1{ui < 0,uss < 0} — 7% + o(1),

2
: [(h‘?) Zz-tZ;t] =7(L=7)-E[ZuZj] + o(1).
(i41) max; 1 SUPgep e A E[1®) (Y, — B/ Xy — )\i.fOt)‘Xit] < M almost surely.

Proof. The proof of the above results follow from standard calculations of nonparametric kernel estima-
tors, and can be found in Horowitz (1998) or Galvao and Kato (2016). Thus, it is omitted. O
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