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1 Introduction

In empirical research, many data sets are contaminated by measurement errors. Thus, there is
a large body of literature that studies the identification and estimation of measurement error
models. Chen, Hong, and Nekipelov (2011) and Hu (2017) provide excellent reviews of recent

developments and applications of measurement errors models in economics.

One of the most fundamental problems in this literature is how to recover the distribution of
an unobserved variable (denoted by X) from one or more mismeasured variables. The classical
nonparametric deconvolution approach (see Fan 1991, for example) assumes that there is an
observed measurement (denoted by Y') contaminated by an independent measurement error
(denoted by €), i.e., Y = X +e¢, and that the distribution of € is known. However, the assumption
of knowing the error’s distribution is too strong for most applications. Thus, many studies
on structural identification in economics rely on Kotlarski’s identity (see Kotlarski 1967 and
Evdokimov and White 2012), which provides an explicit identification result for the unknown
distributions of X and € based on two different contaminated measurements — see Li, Perrigne,
and Vuong (2000), Bonhomme and Robin (2010), Arcidiacono et al. (2011), Kennan and Walker
(2011), Krasnokutskaya (2011) and Arellano and Bonhomme (2012) for examples.

Based on Kotlarski’s identity, a class of nonparametric deconvolution estimators for the
characteristic functions and density functions of the error-free variable and the measurement
errors (denoted by ¢x, @, fx, fe) was first proposed by Li and Vuong (1998). The uniform
convergence rates of the LV estimators were established, and it was shown that these rates
depend on the smoothness of fxy and f., which is characterized by the decay rates of their
characteristic functions. Recently, based on a new maximal inequality for the multivariate
empirical characteristic function process, Kurisu and Otsu (2022) (KO, hereafter) showed that
the LV estimators can achieve faster uniform convergence rates under weaker assumptions (e.g.,

unbounded supports of X and ).

The main goal of this study is to establish faster uniform convergence rates for nonparametric
deconvolution estimators based on Kotlarski’s identity. This paper makes two main contribu-
tions. First, it is shown that the uniform convergence rates of the LV estimators established
in KO can be further improved under the same assumptions, and the faster convergence rates
obtained in this paper can provide some new insights. For example, we find that the uniform
convergence rate of the LV estimator for ¢, only depends on the smoothness of the distribution
of X, while in LV and KO this rate also depends on the smoothness of the distribution of e.
Second, we propose a new class of nonparametric deconvolution estimators based on a variant
of Kotlarski’s identity, where the roles of the measurement errors and the error-free variable are
switched. Under very similar assumptions, the uniform convergence rates of these new estima-

tors are established, and they are compared with the rates of the LV estimators. It is found that



these new estimators can have much faster convergence rates than the LV estimators in some
cases. Moreover, since the deconvolution estimators are often used as the first-step nonparamet-
ric estimators in the estimation of some semiparametric models, the faster rates of convergence
obtained in this paper will facilitate the asymptotic analysis of these two-step semiparametric

estimators (see Newey 1994 for example).

The rest of the paper is organized as follows. Section 2 defines the models and the estimators.
The uniform convergence rates of the estimators are presented and compared in Section 3.
Section 4 gives a heuristic explanation of how we can obtain the faster convergence rates for the

LV estimators. Finally, Section 5 concludes.

2 The Models and The Estimators

Let X be an error-free random variable of interest, and let Y7, Y2 be two noisy measurements of

X with measurement errors €; and ey respectively. In particular, the model can be written as

Y1:X+€17

(1)
Yo =X +eo.

The following assumption is standard in the literature to derive Kotlarski’s identity.

Assumption 1. Let px(-) and p(-) denote the characteristic functions of X and € respectively.
(i) X, €1 and ez are mutually independent.

(11) The distributions of €1 and ez are identical to the distribution of €, and E[e] = 0.

(11i) ox(-) and e(-) are non-vanishing everywhere.

() E|X| < oo and Ele| < 0.

Let ¥(u1,uz) = E[e1Y1F1u2Y2] be the characteristic function of (Y1,Y3), where i = /—1,
then it is well known that Kotlarski’s identify provides an explicit identification result for ¢x

and .

Lemma 1. Under Assumption 1,

t o (0,us)/0u tiE[Y eisY2
@X(t) = eXp (/0 w;}(ojj)a/) 1dU2> = exp (/0 ]};[elisYQ} ]ds> ’ (2)
and pc(t) = ¥(t,0)/px(t) = ¥(0,t)/px ().

Let {Yj1,Yj2}7_; be an i.i.d sample from the joint distribution of (Y1,Y2), and let fx(-) and

fe(+) denote the density functions of X and e respectively. In a seminal work, Li and Vuong



(1998) proposed the following estimators for px and fx based on Lemma 1:

DI

0 Zj elsYi2

ox(t) =exp ( ds) , and fX(:U) = % /e_itxgéx(t)goK(hnt)dt,

where @ is the Fourier transform of a kernel function K and h, is a bandwidth parameter.

Moreover, ¢, and f. can be estimated by

Sae(t) = Ayl

) £ _ 1 —itu,~
ox@) and  fe(u) = 27T/e Ge(t)or (hpt)dt,

where ¥ (t,0) = n~! Sy et
Alternatively, model (1) can be written as

Yl :€1+X7

(3)
Y] — Yo =€1 — €9,

where Y7 and Y7 — Y5 can be viewed as the measurements, and ¢ is treated as the error-free
variable. Thus, one can derive an alternative set of estimators for (¢x, fx, ¢e, fc) based on the
application of Kotlarski’s identity to (3). In particular, the following identification result gives

an alternative explicit formula for ..

Lemma 2. Under Assumption 1,
t i]E[}/leiS(Yl_YQ)] )
Qﬁe(t) = exp (/0 mds — |tED/]_] .

Based on the above result, the following estimators for (¢x, fx, ¢, fe) are proposed:

Z IY 16 —Yj2) 1 .
= exp / V) ds — - Z itY; |,
J

fow) = - / e, (1) prc (hnt)dt,

ox(0) = 2D @) = o [ exOprlaar

3 Main Results

The main purpose of this section is to establish the uniform convergence rates of (¢x, @) and

(@x,Pe). Following the literature, we require one of the following assumptions to hold for the



characteristic functions of X and e.

Assumption 2. (Ordinary Smooth) There exist some positive constants B, > 1, Cy > ¢4,
Wz, Be > 1, C¢ > ¢ and we such that

(i) calt| =% < lox (t)] < Colt| ™% for all [t] > w,.

(i1) ce|t| =P < |pe(t)| < Celt| =P for all |t| > we.

Assumption 3. (Supersmooth) There exist some positive constants py, Cy > Cpy Wy, fhgy Pe, Ce >

Cey We, he and some constants By, Be such that
(i) cat|® exp(=[t|* /) < lpx ()] < Cult|? exp(—[t]P /) for all [t] > ws.

(it) ce[t]? exp(=[t]*/pe) < lpe(t)] < Celt|® exp(=[t]?/ue) for all [t] > we.

The concepts of ordinary smooth (OS, hereafter) and supersmooth (SS, hereafter) distri-
butions were first introduced by Fan (1991) in the study of the optimal convergence rates for
nonparametric deconvolution estimators. In his setup, there is only one measurement for X and
the distribution of the measurement error is known. Moreover, the smoothness condition is im-
posed on the error’s characteristic function, while the density function of X is assumed to satisfy
a Lipschitz condition. In this paper, we follow Li and Vuong (1998) and KO to distinguish the

following four cases':

Case 1: px and ¢, are both OS.
Case 2: px is OS and ¢, is SS.
Case 3: px is SS and ¢, is OS.
Case 4: px and @, are both SS.

In addition, the following assumption is imposed.

Assumption 4. (i) The kernel function K satisfies Assumption of KO.? (i) E[|X|**9] < oo,
E[|e|**9] < oo for some § > 0.

Note that Assumption 4(ii), which strengthens Assumption 1(iv), is required to apply the
maximal inequality for multivariate empirical characteristic function processes (Lemma 1 of
KO).? The next four subsections provide the uniform convergence rates of (Px, ¢c) and (Gx, @)

for Case 1 to Case 4, which are the main theoretical results of this paper.

'For simplicity, in this paper a characteristic function is called OS (SS) if it satisfies Assumption 2 (Assumption
3). But it should be kept in mind that the smoothness condition is actually imposed on the density functions
through the decay rate of the characteristic functions.

2This condition is only required for establishing the convergence rates of the estimated density functions.

3To apply Lemma 1 of KO with k = (1,0), one needs E[|Y;|**"|Y2|'T"/2] < oo for some 1 > 0, which is ensured
by Assumption 4(ii). However, KO only assumes that E|Y1|*™" < oo, which we believe is not sufficient.



3.1 Case 1: OS ¢px and OS ¢,

Theorem 1. Suppose that Assumptions 1, 2 and 4 hold, then:

sup [px(t) = ox(t)] = Oy (n AT 10gT, ),
[t|<Tn
sup 9t =] = Oy (w7 TP g ),
t<T,

if n_1/2T361+,85+1 log T, — 0, and

sup ’@X(t) o SOX(t)| — Op <n71/2T7(135e*5z+1)V55 log Tn) 7
[t|<T%

sup [2c(t) = pelt)] = O, (n"V*T log T, ),

[t|<Tx

if n=1/273PF1 log T, — 0.

3.2 Case 2: OS ¢x and SS ¢,

Theorem 2. Suppose that Assumptions 1, 2(i), 3(ii) and 4 hold, then:

s [ox(t) = px(O] = Op (n LI exp(TE o) log T )
t<Tp,

s [5(0) = O] = Oy (T g )

t<Tp,

if n 22PN oxp (TE pe) log Ty, — 0, and

sup |@x(t) —ex(t) = O, (n*l/QTnfﬁf?’ﬁe+1 exp(3TF< /pe) log Tn) ,
[t|<Tn
sup [Gc(t) = pO)] = Oy (72T, 20 exp(2T /) log Ty, )
[t|<Tn

if n 2T 30 oxp (3187 / je) log Ty, — 0.

3.3 Case 3: SS px and OS ¢,

Theorem 3. Suppose that Assumptions 1, 2(ii), 3(i) and 4 hold, then:

sup [ox(0) = px(] = Op (n L exp(T ) log T )
t<Tp,
s [50) =gt = Op (n7 L expl2Te ) g T ).
t<Tp,



if V2T, PP oy (T8 /iy ) log Ty, — 0, and

sup |px () = ex () = O, (n 72T logTy).
[t|<T%

sup |ge(t) — pc(t)] = O, (nﬂ/zTgmllOng)’
[t|<Tx

if n~1/23P ! log Ty, — 0.

3.4 Case 4: SS px and SS ¢,

Theorem 4. Suppose that Assumptions 1, 8 and 4 hold, then:

sup [ex() —ex (] = O (n 2T PP exp(TE [ + T /) 10g T )
t<T,

sup [9(0) = ee®) = Oy (v L exp (2R ) log T )

t<Tp,

if n V2T PP o p (T8 J iy + TE /i) log Ty, — 0, and

sup |@x(t) —ex(t)] = O, (n*1/2(an V by,) long) ,

[t<Tn
sup |@e(t) — ()] = O, (n*1/2T52ﬁ6+1 exp(ZT,fE/,uE)long) ,
[t|<Tn

if n V2T 30 exp (318 /i) log Ty, — 0, where

an = TP 73 L oxp(3TP¢ fpue — TP* [up)  and by, = T, P exp(TF< ) pie).

3.5 Summary of Results and Some Remarks

The uniform convergence rates of (¢x, ¢c) and (Px, ¢¢) for Case 1 to Case 4 are summarized in
Table 1 below. For comparison, we also include the convergence rates established in KO. There

are three main takeaways from the results in Table 1.

First, for the LV estimators, the rates obtained in this paper are obviously faster than those
obtained in KO, which have been shown to be faster than the rates proved by Li and Vuong
(1998) and Bonhomme and Robin (2010) under more restrictive conditions (see Remark 1 and
Remark 2 of KO). For example, if we set T;, = O ((n/loglogn)®/2(1+5:+59)) with 0 < o < 1/2
as in Li and Vuong (1998), then our Theorem 1 implies that

6x(t) — ox ()] = Op [ [ —— i
sup |9x(t) —ex(t)| =Op ( > ,
|t|<Th loglogn



while the results of KO and Li and Vuong (1998) are

_l_;'_a_* _l+a
2 2(1+Bx+Be) 2
Op _n and Op _n
loglogn loglogn

respectively.

Second, depending on the values of (g, pz, 8z) and (pe, pe, Be), the convergence rates of
(@x, Pe) can be faster than those of (¢px, ¢¢), especially in Case 3 where the rates of the ($x, ¢c)

are exponential functions of T}, while the rates of the (¢x, @) are polynomial functions of T),.

Third, with the faster convergence rates obtained in this paper, some interesting new insights
can be gained. It can be seen that for ¢., the convergence rates only depends on the smoothness
of the distribution of X, while for ¢, the convergence rates only depends on the smoothness of
the distribution of €. Thus, if one is interested in estimating the distribution of the measurement
errors, ¢, should be used if px is OS, while @, is preferred if ¢, is OS. In the case where both

px and ¢, are OS or SS, these two estimators are very similar in terms of convergence rates.

Remark 1 (The density functions). To save space, we only report the results for the estimated
characteristic functions. Given Theorem 1 to Theorem 4, faster uniform convergence rates of
the estimated densities can be easily obtained. For example, with T,, = h."', in Case 1, we can

n

show that the uniform convergence rates of fX and fe are
Op (n—l/Qsz‘i‘ﬁe-‘rz log TTL + Té_ﬁz> and Op (n—1/2T36z+2 log Tn + Tnl’_66>

respectively. The proofs are similar to those of KO, and therefore they are omitted.

Remark 2 (Regularized estimators). Comte and Kappus (2015) proposed a regularized version
of the LV estimators. KO showed that these regularized estimators have the same uniform
convergence rates as the LV estimators. With very small modifications of our proofs, it can be
shown that the uniform convergence rates established in this paper also apply to the regularized

LV estimators.



Table 1: Comparison of Uniform Convergence Rates

Case 1 Case 2 Case 3 Case 4
S?’X,KO T3ﬂ$+2ﬂe Tsﬁm*Qﬂe eXp(QTﬁE //‘L€) Tn*251+2/6e eXp(2Tﬁ” /:u‘it) Tn*2/8w*2/65 exp(zTﬁz /'U'I + 2TT€€ /ué)
@X T£I+ﬂ€ T}Em*ﬂe exp(T{fE /Me) T{ﬂm+/@ﬁ exp(Tﬁm //Lz) T;/Bz*ﬁe exp(Tﬁm //"I + Trfﬁ /NE)
SEX T'r(r,SBE —Bz)V(Be—1) Tn_ﬁ‘r_dﬁe exp(3T,’Z" //’LE) T’gs—l an Vi Bn
@E,KO Tsﬁz+2ﬁ€ Tgﬁz*QBe exp(?TfZé /,U‘e) Tr,?361+2ﬁ€ exp(gTﬁ’z /Mx) Tn*3ﬁz*2ﬁe exp(ngac /“x + 2T£E /#e)
Pe T30 ;0= 1525 exp (24 /1a) 1525 exp (2147 /1)
& T3 Ty 2% exp(2T1 /e T Ty, 2 exp(2T7° /pe)

Note: This table presents the uniform convergence rates of (¢x,®e) and (Px,@e) for Case 1 to Case 4, up to a common
factor: n~1/2T), logT,. For comparison, we also include the rates established in KO, which are denoted by P KO- an =
0= ™20 exp(3TH* /ne — TH* /pz), and by = Ty ™! exp(T4° /pe)-

4 A Heuristic Explanation for the Faster Convergence Rate

In this section, we provide a heuristic explanation of why the faster convergence rates can be
obtained for the LV estimators in this paper. The discussion below focuses on Case 1 and the

estimation of ¢ x, but the idea behind applies to the other three cases and the other estimators.

Define a(s) = n~* Py V1Y, a(s) = E[iY1el2], b(s) = n~! Py eYiz | b(s) = E[e*¥?],

and
[T als) ~a(s) . _[Ta(s) —a(s) .
a0 - | ( ) b<s>)d’ i) = [ S

. . ) t 1 1
As(t) = /0 a(s) (8(3) — b(s)) ds, As(t) = /0 (a(s) —a(s)) <B(s) - b(s)) ds

Note that A(t) = Aq(t) + Az(t) + Az(t). Then it can be shown that (see equation A.2 of KO)*

[N

IN

[Px () = ex (1)] 20ex (@) -[A@)]-{IA@G] < 1} + 2I{[A®{)| > 1} (4)

AAMD] S [A1O]+ [A2(t)] + |As(t)]. ()

IN

First, if one follows the proof of KO that starts with inequality (5), then we have:

sup [px(t) —px ()] < sup [A1(t)|+ sup [As(t)[+ sup [As(t)].
1< 1< t1<Tn 1<

Compared to the proof of KO, this paper establishes a faster convergence rate for the second

term on the right-hand side of the above inequality, which turns out to be the dominating term.

“To facilitate the discussion we assume that |@x (t)| < 1 here.



Note that

t
sup |Aq(t)] < sup/
0

[t|<Tn [t|<Tn

~ 1 Th
< sup |b(t) —b(t)] —————. / a(s)| 4 )
[H<Tn inf <, [6(t)] Jo_16(s)
- —
Op(TR=*Y)
R R p— Lo [l @
> sup - : — . a(s)|ds.
[t|<Tn inf|t|<Tn |b(t)| lnfmng ’b(t)’ 0
— —_—
Op(n=1/2logTy) OP(TT/L%+,85) OP(Tg:c-‘rﬁe) Op(Ty)

The main difference is that we use the sharper inequality (7) to derive the rate while KO use
(8). In particular, the first two terms of (7) and (8) can be shown to be Op(n~'/2logT},) and
Op(T5" P respectively. Moreover, the third term of (8) is Op(T* ) and the last term of
(8) is Op(T},). This gives the derived uniform convergence rate for ¢ x(¢) in KO. In comparison,

we show that the third term of (7) is Op(T ™), leading to a faster convergence rate.

Intuitively, the reason why (7) provides a better bound is that the large values of 1/|b(s)]
is partially offset by small values of |a(s)| when s approaches infinity. Such an effect is ignored
when one uses (8) and considers the uniform bounds for 1/|b(s)| and |a(s)| separately. To see
this, note that

a(s)  iE[Yie®?]  iE[Xe*Y2] + Elee¥?]
@  E[e?] E[eisY2]
_ E[X e X el52] 4+ iEleg e X ei2]
- E[eisX eisez]
_IE[Xe*X]
- EEN

Thus, it follows that

/Tn
0

which gives the rate in (7).

1
infjy <7, lox(?)]

a(s)

b(s)

= Op(T}=*).

ds < T, - E[| X]]

Second, our proof starts with inequality (4) instead of (5) to show that the uniform conver-
gence rate of Ox (t) is actually decided by supy <y, [px(t)]-|A2(t)| rather than supy <y, [Az(t)].

Since |@x(t)] is very small as |t| becomes large, the convergence rate can be further improved.

Remark 3 (Tighter bound for a(s)/b(s)). The discussion above implies that the uniform con-

vergence rate for ¢x can be further improved if a sharper bound on a(s)/b(s) can be obtained.

10



For example:

(i) When X ~Normal (u,0?) (SS distribution), it can be shown that a(s)/b(s) = —o2s +iu
and |a(s)/b(s)| < C(1 + |s|) for some C > 0, thus the last term of (7) becomes Op(T?) instead
of Op(Tn™" exp(TY" [ 1a)-

(ii) When X ~Cauchy (u,0) (SS distribution), it can be shown that a(s)/b(s) = iu— sgn(s)8
and la(s)/b(s)] < C for some C > 0, thus the last term of (7) becomes Op(T,) instead of
Op(Ty ™% exp(TH* /).

(iii) When X follows Student’s t distribution with v degrees of freedom (SS distribution),
it can be shown that a(s)/b(s) = —/v - sgn(s) - K, jo_1(\/V|s])/ K, j2(\/V[s]), where K, is the
modified Bessel function of the second kind, and |a(s)/b(s)| < C for some C > 0, thus the last
term of (7) becomes Op(T},) instead of Op(Tﬁ_ﬁz exp(Th* /uz))-

(iv) When X ~Laplace (i1,b) (OS distribution), it can be shown that a(s)/b(s) = —2b%s/(1+
b2s?) +ip and |a(s)/b(s)| < C for some C > 0, thus the last term of (7) becomes Op(T},) instead
of Op(T* ™).

(v) When X ~Gamma (k,0) (OS distribution), it can be shown that a(s)/b(s) = ikf/(1—is)
and la(s)/b(s)] < C for some C > 0, thus the last term of (7) becomes Op(T,) instead of
OP(T£Z+1).

Based on the above examples, a natural conjecture is that |a(s)/b(s)| < C when px is OS
and |a(s)/b(s)| < C(1+|s|") when ¢x is SS, where C > 0 and v > 0 are some constants. If this
conjecture is true,” it is obvious from (7) that a faster uniform convergence rate can be obtained
for ¢x, especially when ¢x is SS. However, a formal justification for this conjecture is beyond

the scope of this paper.

5 Conclusions

As pointed out in the concluding remarks of KO, deconvolution estimators based on Kotlarski’s
identity are usually used as nonparametric plug-in components in many other studies (see Li
2002, Li and Hsiao 2004, Adusumilli et al. 2020 and Otsu and Taylor 2021 for examples). Thus a
faster uniform convergence rate for these estimators is essential for understanding the asymptotic
properties of the related test statistics and semiparametric estimators. Based on a maximal
inequality for the multivariate normalized empirical characteristic function process developed
in KO, this paper shows that the LV estimators can achieve faster uniform convergence rates
than those obtained in existing studies. Moreover, a new class of nonparametric deconvolution
estimators is proposed based on a variant of Kotlarski’s identity, and these estimators are shown

to have faster convergence rates than the LV estimators in some cases. Finally, we point out that

°A similar condition is imposed in Assumption ASYM of Evdokimov (2010).

11



a even faster uniform convergence rate can be achieved by imposing a inequality for ordinary
smooth and supersmooth distributions. However, a formal justification of this inequality is

beyond the scope of this paper and is left for future research.

12



A Proofs of the Main Results

A.1 Proof of Lemma 2

Proof of Lemma 2. First note that

e, () = exp (In e, (t) — In1) = exp </Ot W@) = exp </0t %@) :

where the integrand is well-defined due to Assumption 1.

Next, we have

E[Eleisq] ]E[61€i861] . E[e—iseg] E[eleis(Yl—Yg)] + E[Xeis(Yl—Yg)] _ E[Xeis(Yl—Yg)]

E[eisq] - E[eisel] . E[efiseg} - ]E[eiS(Y17Y2)]

_E[Yleis(Ylng)] B E[Y'leis(Ylng)]
N E[eis(Y1-Y2)] -EX]= E[eis(Y1-Y2)] —EM).

This completes the proof.’

A.2 Proof of Theorem 1

Recall that a(s),b(s),a(s), b(s), Ai(t), Aa(t), As(t) are defined in Section 4.

Lemma 3. Suppose that Assumptions 1, 2 and 4 hold, then:
(i) supjy<g, |A1(1)] = Op(n~ V2T  og T,,).

(ii) supjyj<r, | Ao(t)] = Op(n~ V2T 40  og T, ).

(iii) supyy <7, [A3(t)] = Op(n 1T 25 (10g T,,)?).

Proof. First, for A1(¢), note that

T. 1
sup |A1(t)] < sup |a(t) — a(t)] / ds
[t1<Tn [H1<T o lo(s)]

Lemma 1 of KO and Assumption 2 imply that

1

ds = O(T=+htt),
oy = O )

Tn
sup |a(t) — a(t)| = Op(n~"?logTy), and /
0

[t|<Tn

Thus, the first result follows.

SNote that in this proof we only need the characteristic function of € to be non-vanishing everywhere.

13



Second, as discussed in Section 4, we have

. 1 Tnla(s)
sup |As(t)] < sup [b(t) = b(t)] - — / @) g
H<Ty <T, infjy <7, [b(t)] Jo |b(s)
From the discussion in Section 4, we have
T,
" |a(s) 1 1
—21ds < Ty, -E[|X]] - - = Op(TP=*1).
|l 0 o, Toxt) ~ 0P
Moreover, Lemma 1 of KO and Assumption 2 imply that
N 1
sup |b(t) — b(t)] = Op(n~%logT,), and —————— = Op(TP=+5e),
[t|<Tn inf|y <7, |b(t)]
Thus, the second result follows.
Finally, the last result follows from
sup [As(t)| < T~ sup [at) —a(t)] - sup [b() ~ b(1)| - —— :
s(8) < T, - _ : _ . _ . ,
It|<Th It|<Th It|<Th infly <, [b(t)] nfjy<r, [b(2)]

Proof of Theorem 1. We first establish the convergence rates for ¢x and ..

Step 1: Convergence rate for px

Similar to the proof of Theorem 1 in KO, one can show that

[Px (1) — px ()] < 20ex (DIIAG)] + |@x (1) — ex ()| {[A(B)] > 1}

Thus, for any sequence {c,} of positive constants that converges to 0 as n diverges, we have

P | sup |¢x(t) —px(t)] > cn| < P | sup |ox(®)||A@)] > en/4|+P | sup I{|A(t)] > 1} >0].
[t|<Ty [t|<Tn [t|<Ty
Note that
P | sup I{|A(t)] > 1} >0 < P | sup |A(t)] > 1],
‘tlng MSTH

and the right-hand side of the above inequality goes to 0 by Lemma 3. Then, to establish the

uniform convergence rate of ¢x(t), it suffices to show that

sup |ox (0)]|A(t)] = Op(n~ 2T+ 16g ). (A.1)
|t|<Tn

14



Let Ay € [wy, Ty such that CpA;™ < infiye,, |ox(s)], and let Ae € [we, Tp] such that
CaP < inf|g|<w, [pe(s)]- Then for A = max{A;, Ae} and any ¢ € [A, Ty}, we have inf <, [¢x (s)| =

inf,,, <|s|<t lox(s)| because

inf < inf <O NP <O NP < inf .
wzg?sgt‘”(s)' _Aglﬁ@lwx(S)! <Gy <G\ < |sTI_<1wm|‘pX(s)’

Thus, it follows from Assumption 2 that

Ii?<f lox (s)| > ot ™= for any t € [\, T},]. (A.2)
s|<t

Similarly, it can be shown that

‘il‘l<f lpe(5)| > cct™P< for any t € [\, Th). (A.3)
s|<t

To prove (A.1), note that

sup |ox (D)[|A()] < sup  |ox(@)[|A®@)] + sup |ex (t)] - sup |A(D)], (A.4)
tI<Th A<t <Tn It <A [t|<A

where the second term on the right-hand side of the above inequality is Op(n~'/?) by Lemma

3 and the property of characteristic functions, and the first term is bounded by

sup [ox(D||A@)] < sup ox ()[[Ax(1)]
AT, AT,

+ sup Jox(D)[[A20)[+ sup [ox(t)[|As(t)]. (A.5)
A<t <Tn A<|H<Tn

By the definition of As(t), we have

sup Jox (4)] Az (t)]

AT,
1t a(s)[b(s) — b(s)]

< o lexto) [ TS s

. o [ [ [lb) — b))
: Ag|t\£Tn‘¢X(t)‘ i< [B(5)2 |t||s|sl|)t| b(s) ‘
< sup [POBE =V e o)

|s|<Tn b(s) A<|H<Ty

o [PEBE b
= G < b(s) ASloT, d o

15



where

1
b(s)

sup|s|§|t| ‘IE[XGISX] ‘
= infy<py [ox (3)[7 - inflg<py e (s)]

a(s)
b(s)?

a(s)

b(s)

< sup
Is|<l¢]

gt := sup
[sI<[t]

- sup
s|<]¢]

By (A.2) and (A.3), for |t| > X\ we have g; < |t[?%+F5¢. Tt follows that

AT,

Moreover, similar to the proof of Lemma 3, it can be shown that

b(S)[l;(AS) —b(s)]
b(s)

sup = Op(n~?1ogT},).

[s|<Tn

Thus we have

sup  |ox ()] |Ax(t)] = Op(n™ 2T+ 1og T,,).
A<H<T,

Finally, it follows from Lemma 3 that

sup Jox ()] [A1(1)] < sup [Ai(t)] = Op(n /2Tl P og T,,),
AT, [t1<T

and

sup Jox (D) [A3(1)] < sup [Ag(t)] = op(n” 2T P log T,,).
A< ST, [t|<Th

Therefore, (A.1) follows from (A.4) to (A.8), and this completes the proof for ¢x.

Step 2: Convergence rate for ¢,
Note that

:‘ﬁyl (t) A (t)

ox(t)  ox(t)
o @Yl (t) 2% (t) 1 1 N 1
2060 . ( - ) F(@n () —en (D) ( :
=A4(t) + As(t) + Ag(t).

956 (t) — Pe (t)

First, by Lemma 1 of KO and Assumption 2,

su Dy, (t) — t
sup [Ag(t)] < Plej<t, [Pva (t) — v (2)]

: = Op(n~ 2T 10gT,).
It|<T, infy <7, ox (t)] ( " )
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Second, by the result of the previous step,

sup |As(t)] < SUpPj¢|<Ts, |y, (1) — @vy (2)] - SUPyy|<T;, |px () — ox(t)]
6(t)] < - : :
H1<T infyj<, lex (t)] - infpy<r, [ox ()]

= Op(n~ V21284 1og T,) - Op(n V2T PHBe 1og T;,).  (A.10)

Finally, we will show that

sup |As(t)] = Op(n~ 2T+ 10g T,), (A.11)
[t1<T

which together with (A.9) and (A.10) lead to the desired result.

To prove (A.11), note that

It|<Th It|<Tn Px(t)ex(t)
— su Pe(t) _ ex(t)
‘|t|<%{‘sox<t>‘ oxtt) —extl- | 20}
) | . s | PX@)
§|ts|1§1£)“n{‘80X(t)‘ 1#x(t) wx(t)l} |t\§£)“n @X(t)"

Since, |px (t) — ox (D] < 2px (t)] - AWD)] +1¢x(8) — px (O IIA®)] > 1), it follows that

: N0
lts‘ggn!A5(t)!SQ‘;E%{WG(M NG sup @X(t)‘
su pelt) |1 su .
+|t|§%{‘sox(t)’} MS%HOAWDU Op(1). (A.12)

Since Lemma 3 implies that supj <7, |A(t)] = op(1), the second term on the right-hand side of
(A.12) is equal to 0 with probability approaching 1. It is easy to show that supy <7, lox (t)/Px (1) =

Op(1). Moreover, similar to the proof of the previous step, it can be shown that

sup {|oc(t)] - [A®)[}

tI<Tn
< sup {lpe(t)] - [Ar(@)]} + sup {loe(t)] - [D2(t)[} + sup {[ee(t)]- |As(t)[}
tI<Tn [t|<Tn [t|<Tn

= Op(n 2Tl 0og T,) + Op(n~ Y2720 og Ty,) + op(n~V/2T25 1og T,).

This completes the proof.

Next, we establish the convergence rates for ¢x and Q..
Step 3: Convergence rate for ¢

17



Define

n

o(s) = E |iv;e*M=Y2)| - a(s) = 1 iVipes(Yi1—Ys2)
n J
j=1
is(Y1—Yz _ 1 -
d(S) - |:e|8( 1 2):| 7 - Zels 1— 32)
n
Jj=1

an-[($2-4 ) - fZ (Y1 — Efity;1).

a = [ s nay = [ i - as

. ¢ 1 1 1 <
Ag(t)—/o(c(s)—c(s)) (J(s)_d(s)> ds, At n; itY;1 — EfitY;1]).

Then A(t) = Ai(t) + Aa(t) + As(t) — Au(t), and Ge(t) — @e(t) = @e(t) - (20— 1).

Similar to the proof of Lemma 3, it can be shown that

sup |Ai(t)] = Op(n~ Y2125+ 10g ), sup |Aq(t)] = Op(n~ Y2138 ogTy,),  (A.13)
[tI<Tn tI<Tn

sup |As(t)] = Op(n ' T4+ (log T,,)?),  sup |A4(t)] = Op(n™Y/2T),). (A.14)
[t|<Tn [tI<Tn

Since

[Ge(t) = pe(t)] < 20pe@IIAGDIT{A®)] < 1} + |2e(t) — we(O{A®)] > 1},

and (A.13) and (A.14) imply that the second term on the right-hand side of the above inequality
is equal to 0 with probability approaching 1, it suffices to show that

sup |pc(t HA t)| = Op(n 1/2T35€+1 log T},). (A.15)
[t|<Tn
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First, by (A.3), we have

sup [0 (t)]| A1 (t)]

[t|<Tn
11&(s) = c(s)]
< sup |pe(t / ———ds
e el a)
11E(s) — e(s)] 11&(s) — e(s)]
< L S S | =2/ =\
< sl [ S e e [ S
_ t| _
< Op(n 2+ sup goet-_’—-sup c(s) —c(s
( ) ,\<|t\ng‘ )l inf 5 <) [d(s)] |s|g\t|| () = ls)l
< Op(n™Y) + Cuc? sup |é(s) —c(s)|- sup [t]*TP

[s|<Tn A<|tI<T,,
= Op(n™') + Op(n™ T} log Ty,).

Second, using a similar argument,

sup [pe(t)[|Aa(t)|

[t|<Tn
[t]
S o0l [ |o (J(ls)_d(s)) o
[¢] 1 1 It 1 1
< sup loc() /0 |c<s>|' il LR RO /0 (s) (d()—d()
n1/2 su \d(s)| su 1(s) — d(s)] - su 1=Be gu o(s)
= Oxl )+|s\§% |d(s)] \s\sIT)n’d() dls) CEA<|t\Is)Tn‘t‘ < |2 (5)

= Op(n™V?) + 0p(n~V2T25+ 10g T;,).

Third, it follows from (A.14) that

101 B5(0)] = opn™ T og ),
t<Tn

sup |e()]|A4(t)] = Op(n'/2Tr,).
H<T

Thus, (A.15) follows from the above results. This completes the proof.

Step 4: Convergence rate for ¢x
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Note that

—~

t)

)
)_90Y1(t) . _ ~ o .
oy Ten) (@(t) soea))*(wl“) en(f) (@(t) 0

=A5(t) + Ag(t) + Aq(t).

o~

:¢Y1(

~—

~~

First, by Lemma 1 of KO and Assumption 2,

- su oy, () — t
sup [As(t)] < Pe<, |Pvi (1) — oy (1)

. = Op(n~ V2T 1og T},). A.16
Sup inf <z, oe(0) ( ) (A.16)

Second, by the result of Step 3,

sup |Aa(t)] < Supjy <, [#v: (1) — vi (B)] - suppyy<r,, [Pe(t) — e(t)]
7(1)] < : . >
It|<Th infly <7, [pe(t)| - infjy<g, |Pe(t)]

= Op(n~ Y2125+ 0g T,) - Op(n~ Y2125 log T5,).

Third, similar to the proof of Step 2, we have

sup |Ag(t)] < sup

wx(t)‘ . ‘906(”‘ @e(t) — e(t)]

t|<Th <Tn | Pe(t) || Pe(t)
- su A - su eed)] su ex(t) A
< 0n(1)- sup [ex (1AW +0p(1) - sup (24001 up |20 58] > 1)

Since the second term on the right-hand side of the last inequality is equal to O with probability
approaching 1, to establish the order of supj, <7, |Ag(t)], it suffices to show that

sup |ox ()||A®1)| = Op(n~ V2T 3FFet V0 o0 T ). (A.17)
[t1<T

Similar to the proof of Step 3, it can be shown that

l<n lox (W1 AL (t)] = Op(n~ ' PT PP+ V0100 T, ), (A.18)
up ox (B)]|As(t)] = Op(n~ VTt DV0 108 T, ), (A.19)
o lox (D[ As(1)] = op(n~PTPF P00 T, ), (A.20)

sup lox (O)[[As(t)] = Op(n~'/?Ty,). (A.21)
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Thus, (A.17) follows from (A.18) to (A.21), and we have

sup |Ag(t)] = Op(n V213 Pt V0 1607 ), (A.22)
t<Tn
The desired result then follows from (A.16) and (A.22). O

A.3 Proofs of Other Theorems

The proofs of Theorem 2 to Theorem 4 are similar to the proof of Theorem 1. Therefore, we

relegate the proofs of these theorems to the Online Appendix.
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